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Chapter �

Introduction

��� What are algebraic calculations�

� comparison of numerical to algebraic� or symbolic� computation

Numerical Symbolic
���� 	������� ���� ���

� � �� � x� �x� �x
cos����
����� �	������� cos���� ��

sin��x�� � sinx cosx

d x�

d x � �xR ���
�

x
x���d x� 	��
��

R
x

x��� � ln jx���j
�

a� � b� � �a� b��a� b�

numerical algebraic
evaluation simpli�cation

� typical features of algebraic computation

� computation with arbitrary precision numbers�no rounding

� computation with symbols and variables �e�g�� x� y�

� computation with functions �e�g�� sin� cos� f�

� manipulation of formulas

� symbolic operations � �see chapter���� � �see chapter���	� � �see chapter����� � etc��

� algebraic computation or symbol manipulation or computer algebra is the �eld of scienti�c computation which
develops� analyzes� implements and uses algebraic algorithms

��� Why do algebraic calculations�

� in many research �elds� one often needs to process very large algebraic expressions �of perhaps hundreds of
thousands or more terms� e�g�� �see chapter������� computations from the �see chapter��
���� �see chapter����
calculations� or perform long analytical operations

� compared to a human� a computer does not make errors �assuming the programming is correct� This unfortu�
nately is not always the case ����

� there exist algorithms which cannot easily be performed by a human with pencil and paper �e�g�� �see
chapter����� � �see chapter����� �

� many others�

�



� algebraic solutions are usually more compact than a set of numerical solutions� algebraic solution gives
more direct information about the relationship between the variables than �gures

� algebraic solutions are always exact� numerical solutions will normally be approximations� this can arise
from rounding and truncation errors� further errors can creep in when the user interpolates data given in
tabular form

� computer algebra can save both time and e�ort in solving a wide range of problems� much larger problems
can be investigated than by using traditional methods

� computer algebra reduces the need for tables of functions� series and integrals� symbolic computation
using computers have highlited many errors in such materials

� traditional teaching of applied mathematics has to involve much time in teaching techniques of solution�
computer algebra systems tend to produce solutions quickly and without errors� so they enable more time
to be devoted to studying the properties of the solution

� using of computer algebra allows also very e�ective construction of numerical algorithms and their semi�
automatic programming by code generation� the e�ectiveness of the work and reliability of the results
can be strongly increased

��� History

� the �eld originated from the needs of physics researchers

� the �rst programs dealing with formulas were written by physicists in order to save them from performing
long� tedious� error prone calculations by hand

� ���� � �rst programs for formula derivation

� ���� � �rst general purpose computer systems working with algebraic expressions

� ��� � new research �eld with its own conferences� journals� etc�

� ���	 � general spreading of �see chapter�� into almost all branches of science

����� Chronology of computer algebra systems

� table by Brian Evans �evans�eedsp�gatech�edu�

������������������������������������������������������������������������

System name Year Related systems e�mail address� tel�

������������������������������������������������������������������������

ALPAK ���� ALTRAN �Bell Labs	

ALTRAN ���
 �Bell Labs	

FORMULA �Algol	�

FORMAC FORMAC �PL�I	 �IBM	

FORMAC �PL�I	 �IBM	

MATHLAB �DECUS	 ���
 MACSYMA �DEC	

CAMAL

REDUCE ���
 reduce�netlib�rand�org

MACSYMA ��� Symbolics Macsyma� �See Below	

VAXIMA� DOE�Macsyma�

ALJABR� ParaMacs

SchoonShip ��� archive�umich�edu �FTP	

muMath ��� Derive

VAXIMA ��
� ����	 ������

SMP ��
� Mathematica NOT ON MARKET

Symbolics MACSYMA ��
� macsyma�service�symbolics�com

DOE�Macsyma ��
� ALJABR gcook�llnl�gov

Maple ��
� wmsi�daisy�waterloo�edu



MathCAD ��
���	 Mathcad ��
���MATHCAD

Powermath ��
� NOT ON MARKET

REDUCE�PC ��
� reduce�netlib�rand�org

Derive ��

 �Soft Warehouse Inc�	

Mathematica ��

 info�wri�com

Theorist ��

 ����	 �������� �Prescience Corp	

PARI ��

��	 ftp to math�ucla�edu

FORM ��
� form�can�nl

MACSYMA�PC ��
� macsyma�service�symbolics�com

ALJABR ���� aljabr�fpr�com

Mathcad ���� ��
���MATHCAD

SymbMath ���� chen�deakin�oz�au

Axiom ���� ��
	 ������

ParaMacs ���� lph�paradigm�com

SIMATH ���� marc�math�uni�sb�de





Chapter �

Algorithms for algebraic computation

��� Algebraic structures

� basic requirements

� precise representation of algebraic structures

� precise arithmetic with algebraic structures

� other analytical operations with these structures �e�g�� �see chapter���� � �see chapter���	� �

����� Number domains

� fZ������gintegers with operations of addition� subtraction� multiplication� see the examples of �see chapter
�����

� fZm��m��m��mgintegers under modular arithmetic where m is a positive integer

� fQ������� �grational numbers with operations of addition� subtraction� multiplication and division� see the
examples of �see chapter
�����

� ffx � a�ib� a� b � Zg������gGaussian integers� i�e�� complex numbers which have integer real and imaginary
parts� see the �see chapter
����� examples

� fQ�a�������� �g� p�a� � 	algebraic extension �eld� the algebraic number ais de�ned by the polynomial pwith
integer coe�cients which can be represented precisely� the algebraic number ais a root of the polynomial p�
e�g��

p
is represented by the polynomial a� � and the algebraic number bcould be de�ned by the polynomial

�b� � �b� �� see the examples of �see chapter
�����

� fRn
f ������� �g�oating point numbers with a precision of ndecimal digits where nis an arbitrary positive

integer�it can be �		or �			� see the examples of �see chapter
�����

����� Algebraic expression domains

� ring of polynomials O�x�� ���� xn�in nvariables with operations of addition� subtraction� multiplication and
exponentiation by a nonnegative integer� see the examples of �see chapter
����� � polynomial coe�cients can
be numbers from a �see chapter������

� power series� other kinds of series

� rational functions K�x�� ���� xn��extension of polynomials by the operation of division� with operations of
addition� subtraction� multiplication� division and exponentiation by an integer� see the examples of �see
chapter
�����

� extension of rational functions by radicals �rational exponents�� with operations of addition� subtraction�
multiplication� division and exponentiation by a rational number

�



� algebraic functions fyi� pi�X� y�� ���� ym� � 	� i � �� ����mgimplicitly de�ned by polynomials with integer coef�
�cients piwhich depend on algebraic functions yiand variables from X � fx�� x�� ���� xng� e�g�� the algebraic
function yde�ned by the polynomial x� � y� � �

� elementary transcendental functions exp� ln� extension of rational functions by elementary transcendental func�
tions� if we have only one variable xand an expression contains expx� ln x� we can denote y � expx� z � lnxand
work with a rational function of x� y� z� the extension is given only by rules like x � exp lnx� lnx� � � lnx�
etc�

� transcendental functions� e�g�� sin� cos� rmerf � extension of rational functions by transcendental functions

� matrix rings

� di�erential �elds �K�� �

� �nite groups

� a user can use algebraic expressions from an arbitrary domain for the most part� the program will decide which
domain the expression belongs in and use an appropriate algorithm

��� Representation of algebraic structures

� to work on a computer with algebraic structures� we need to represent them by some sort of data structures

� representation is very important because often the e�ectiveness of an algorithm will depend on the represen�
tation that is used

����� Representation of integers

� integers are standardly represented by one computer word of nbits� in such a representation� the size of an
integer ais limited by a � �n��� for example�

if n � ��� a � �����

if n � ��� a � ��

���
�and

if n � �
� a � ������	����
��	�

� however� we also need to represent arbitrarily big integers� e�g�� see �see chapter������

� one possibility to to represent a big integer aby an array Awhere all elements of the array are limited by
Ai � �n��and

a �

mX
i��

Ai

�
�n��

�i

� thus� the big integer is expressed in a number system with base �n��

� of course� memory is �nite and so we can store only a number of a limited size� however using this representation
we can work with quite large integers� e�g�� in � kB of memory we can store an integer of size �	����

����� Representation of polynomials

� representation by a string of characters is not advantageous as it is not a dynamical structure and algorithm
implementation would be di�cult



Pre	x representation

� polynomials are represented by lists using e�g�� the pre�x operators PLUS for addition� DIFFERENCE for
subtraction �or unary MINUS�� TIMES for multiplication and EXPT for exponentiation� the �rst element of
a list is the pre�x operator and the rest of the elements are its arguments

� the polynomial

x� � �x� �

� is represented by the list �PLUS �TIMES � �EXPT X �	 	 �TIMES � X	 �MINUS �	 	

� this representation can be used for arbitrary algebraic expressions

� algorithms using this representation are not particularly fast

Dense representation

� a polynomial in one variable x

nX
i��

a�i�xi

is represented by the array of all its coe�cients a�i�� i � 	� ���� n

� in this representation� one needs for the polynomial

�x���� � �

to store �		�coe�cients even though only �nonzero coe�cients are really necessary� for polynomials in more
variables� the situation is even worse

� the time complexity of the algorithm for adding two polynomials of degree nin this representation is of the order
O�n�� polynomials can have high degree and only a few terms so that most of the operations are unnecessary
�such as the addition of two zero coe�cients�

� most polynomials which we encounter in real life are sparse� that is� most of their coe�cients are zero

Sparse representation

� a polynomial in one variable x

nX
i��

a�i�xi

is represented by pairs of corresponding exponents and coe�cients �i� a�i��for each term of the polynomial�
i�e�� all coe�cients a�i�in this representation are nonzero

� in this representation� the polynomial

�x���� � �

would be represented by the list � ����� �	 �� ��	 	

� the time complexity of the algorithm for adding two polynomials with nterms is O�n�

� to increase the e�ectiveness of algorithms using this sparse representation� a rule is usually applied which
speci�es the order of pairs in the list based on the exponents� e�g�� in the example above� the lists are sorted
in descending order of exponents



Recursive representation

� recursive representation is sparse representation with exponent ordering used to represent multivariate poly�
nomials

� for recursive representation� an ordering of variables has to be chosen� e�g�� alphabetically

� the variable which is chosen �rst in the ordering is called the main variable of the polynomial

� coe�cients of the powers of the main variable will be polynomials in the other variables

� for simplicity� we will consider a polynomial in �variables x� y� with variable ordering x � yso that the main
variable is x

nX
i��

mX
j��

a�i� j�xiyj �

nX
i��

c�i�xi � where c�i� �

mX
j��

a�i� j�yj

� such a polynomial is represented by a list of pairs �i� c�i��where each coe�cient c�i�is a polynomial in yand is
represented by the list of pairs �j� a�i� j��

� to distinquish a polynomial in x� yfrom a polynomial in a� c� we replace each pair of �exponent� coe�cient� by
the triple �variable� exponent� coe�cient�

� the polynomial

x��y� � �y�� x��y � ��� �xy � 


is then represented by the list ��x � ��y � �	 �y � 
			 �x � ��y � 	 �y � �			 �x � ��y � �			

�x � �		

Recursive representation in Macsyma

� Macsyma Canonical Rational Expression �CRE��

x� � 
x� � �x� �� �� ��x  � � 
 � �� 	 ��� � ��

�
zy� � ��x� � x �� ��x � �y � �z � 
� 	 �� � �� � ��
Recursive representation in Reduce

� Reduce standard form of a polynomial

x� � 
x� � �x� �� �� ���x � � � �� ��x � �� � 
� ��x � �� � ��� � ���
�
zy� � ��x� � x �� ���x � �� ��y � ����z � �� � 
�� � �� ��x � �� � � ��

����� Representation of Expressions

� general pre�x representation �external form vs internal form��

sin�ax � b� �� �sin ��
z �� �
�� a x� b�� �z ��

� internal representation in terms of linked lists�

� �
���
��

�
� � �

���
��

�
� � �

���
��

sin

� b

� a x



��� Arithmetic

� by arithmetic� we understand this to mean operations of addition� subtraction� multiplication and division

����� Numeric vs symbolic arithmetic

numeric arithmetic

� normally inexact

� usually produces some sort of answer �may
su�er loss of accuracy� fail to converge� etc��

� arithmetic relatively cheap

� zeroes usually not given special treatment
except to avoid computational singularities

� zero detection� number su�ciently small�

� maximize size of pivots to promote stability

symbolic arithmetic

� always exact

� frequently cannot produce an answer �prob�
lem is intractable� expression swell� etc��

� arithmetic often expensive

� zeroes can greatly simplify calculations by
making some of them unnecessary

� zero detection� expression equivalent to
zero�

� minimize complexity of
pivots to stunt expression growth

����� Arithmetic of integers

� algorithms for addition� subtraction and multiplication of integers are analogous to procedures used by humans
for hand calculations� the di�erence is that with hand calculations� we calculate in the decimal number system
while these algorithms use the number system with base �n��

� there exists more e�ective algorithms for multiplication of integers

� the standard procedure for division of integers requires an initial estimate�there exist algorithms that do this
estimate with reasonable precision

����� Arithmetic of polynomials

� polynomial in one variable in �see chapter������

� �see chapter������

� algorithm for the addition of two polynomials

PLUSPOL�a� b	 ��

if a � � 	 then return b

else if b � � 	 then return a

else

ea �� first first a

eb �� first first b

ca �� second first a �a���ea ca	 ���	

cb �� second first b �b���eb cb	 ���	

return�

if ea � eb then

cons�first a� pluspol�rest a� b		

else if ea � eb then

cons�first b� pluspol�rest b� a		

else if ca � cb � � then

pluspol�rest a� rest b	

else cons�list�ea� ca � cb	� pluspol�rest a� rest b		

fi fi fi	

fi fi



� for example� adding the two polynomials 
x� � �xand �x� would be performed �after converting them into
sparse representation� by PLUSPOL���� �	 �� ��		���� �	 �� 		� �� ��� �	 �� �	 �� 		 which is the
sparse representation of the sum 
x� � �x� 

� algorithm for the multiplication of two polynomials a� b� if a � a� � a�and b � b� � b�then ab � a�b� � a�b� �
a�b� � a�b�

TIMESPOL�a� b	 ��

if a � � 	 or b � � 	 then return � 	

else

ea �� first first a

eb �� first first b

ca �� second first a �a���ea ca	 ���	

cb �� second first b �b���eb cb	 ���	

return�cons�list�ea � eb� ca � cb	�

pluspol�timespol�list first a� rest b	�

timespol�rest a� b		

	

	

fi

� for example� multiplying the two polynomials 
x� �a �x � �would be performed �after converting them into
sparse representation� by TIMESPOL���� �	 �� ��		���� �	 �� �		� �� ��� ��	 �� �	 �� ��		 which
is the sparse representation of their product �	x� � x� �

Lists

� a list is an ordered set of elements �a � b ���	

� an element of a list can be a number� an identi�er or another list� e�g�� �a ��		

� empty list � 	

� selection operations

� �rst returns the �rst element of a list� first��a ��		� �� a

� second returns the second element of a list� second��a ��		� �� ��	

� rest returns everything but the �rst element of a list� rest��a ��		� �� ���		

� constructive operations

� cons adds an element to the beginning of a list� cons��� �a b	� �� �� a b	

� list builds a list from its arguments� list�a� b� �� �a b	

��� Simpli�cation

� most operations in computer algebra are some form of simpli�cation

� here is a question on what representation to use for algebraic expressions� which form is simpler�

�a� b�� � a� � �ab� b�

� Sis a canonical simpli�cation operator if and only if

�t� S�t� � t

�t�� t� t� � t� 	 S�t�� � S�t��



� the canonical simpli�cation operator gives us an unique form for equivalent formulas� it de�nes a unique
representative for each class of equivalent algebraic expressions

� most often non�canonical simpli�cation for general algebraic expressions is used in computer algebra programs�
typically� a combination of canonical simpli�cation and pattern matching

����� Canonical simpli�cation on algebraic domains

� for polynomials� it is necessary to de�ne a term ordering�often the ordering of polynomial variables is su�cient
and terms are ordered according to the variables present and their degrees

� for rational functions

� canonical simpli�cation of numerator and denominator

� dividing numerator and denominator by their greatest common divisor

� ensuring that the leading coe�cient �coe�cient of the �rst term of a polynomial in a given ordering�
satis�es some condition �e�g�� making sure that the leading coe�cient of the denominator of a rational
function is positive�

� for rational functions extended by rational exponents �radicals�

� unnested radicals �a radical cannot be inside another radical�� there exist theories for simplifying these
forms

� nested radicals� the theories are very complicated�it is possible to make use of the same methods as for
algebraic functions

� algebraic functions� simpli�cations are performed  modulo the Groebner basis of the system of polynomials
de�ning the algebraic functions

� elementary transcendental functions and transcendental functions� there exist structural theorems�these are
very complicated

����� Complexity of expressions

� which is simpler�

�x� ���� � x�� � �	x	 � 
�x� � ��	x� � ��	x
 � ���x� � ��	x� � ��	x� � 
�x� � �	x� �

x�� � � � �x� ���x� ���x� � x� � x� � x� ���x� � x� � x� � x� ��

� how about here�

Form Expression complexity

factored sum �x� ���� � �x� ���� ��
expanded �	x	 � �
	x� � �	
x� � �
	x� � �	x �

factored 
x�x� � �	x� � ����x� � �	x� � �� ��

� one classi�cation scheme�

Symbol Classi�cation Complexity
R rational numbers �integers are consid�

ered to have a denominator of ��
sum of the absolute value of the nu�
merator plus the denominator

F �oating point numbers absolute value of the number

B extended precision �oating point
numbers �big�oats�

absolute value of the number

E expressions that are not simple
numbers

size of the expression �the number of
operators and atomic operands�



��� Greatest common divisor

� abbreviated by GCD

� very important algorithm�it is used by many other algorithms

����� GCD of integers

� for two integers a� bfor which a 
 b� we de�ne their quotient quot�a� b�and remainder rem�a� b�as two integers
for which

a � quot�a� b�b� rem�a� b�

where 	 � rem�a� b� � b

� if we denote the greatest common divisor of a� bas gcd�a� b�and if rem�a� b�is nonzero� then

gcd�a� b� � gcd�b� rem�a� b��

� gcd�a� b�divides both aand b� it also divides quot�a� b�bso it also has to divide rem�a� b�

� the Euclidean algorithm for calculating the greatest common divisor is based on this identity

� Euclidean algorithm for calculating the GCD of two integers

gcd �� GCDI�a� b	 ��

�a� b are integers

algorithm used�

rem�a� b	 � remainder after dividing integer a by integer b�

�� if a � b then

r �� a

a �� b

b �� r

fi

�� while b �� � do ��� means not equal

r �� rem�a� b	

a �� b

b �� r

od

�� return a

����� GCD of polynomials with rational coe�cients

� here we will consider polynomials from Q�x�in one variable xwith rational coe�cients

� the degree of polynomial a�x�will be denoted by deg a�x�

� for two polynomials a�x�� b�x�fromQ�x�for which deg a�x� 
 deg b�x�� we de�ne their quotient quot�a�x�� b�x��and
remainder rem�a�x�� b�x��as polynomials from Q�x�which satisfy

a�x� � quot�a�x�� b�x��b�x� � rem�a�x�� b�x��

where 	 � deg�rem�a�x�� b�x��� � deg�b�x��

� as was the case for integers� the following identity for the greatest common divisor �GCD� of polynomials holds

gcd�a�x�� b�x�� � gcd�b�x�� rem�a�x�� b�x���

� Euclidean algorithm for calculating GCD of two polynomials with rational coe�cients



gcd �� GCDPQ�a�x	� b�x		 ��

�a� b are polynomials in Q�x�

algorithms used�

deg�a	 � degree of polynomial a

rem�a� b	 � remainder after dividing polynomial a by polynomial b�

�� if deg�a	 � deg�b	 then

r �� a

a �� b

b �� r

fi

�� while b �� � do

r �� rem�a� b	

a �� b

b �� r

do

�� return a

� this algorithm requires many greatest common divisor calculations of two integers when performing calculations
with rational numbers and frequently� the integers can become rather large

� these calculations are time consuming so the algorithm is not so e�cient

� we can avoid calculations with rational numbers by doing the computations in the domain of polynomials with
integer coe�cients

Example of GCD in Q
x�

� we want to calculate gcd�a� b�where

a � x� � x
 � �x� � �x� � �x� � �x� �

b � �x
 � �x� � 
x� � �x� ��

� by using the algorithm GCDPQ� we get the following remainders r

r� � ��

�
x� �

�

�
x� � �

�

r� � ���

��
x� � �x�



�

��

r� �
�����	

����
x� �	��		

���

r� �
����

���

�
�������

� so the polynomials aand bare co�prime since their greatest common divisor is �

����� GCD of polynomials with integer coe�cients

� now we consider polynomials from Z�x�in one variable xwith integer coe�cients

� pseudo�division of polynomials a�x�� b�x�for which deg a�x� 
 deg b�x�is de�ned by

lcof�b�x��m�n��a�x� � pquot�a�x�� b�x��b�x� � prem�a�x�� b�x��

where m � deg a�x�� n � deg b�x�and lcof�b�x��is the leading coe�cient of the polynomial b�x�� i�e�� the
coe�cient of the n�th power of x� so that the pseudo�quotient pquot�a�x�� b�x��and the pseudo�remainder
prem�a�x�� b�x��are also from Z�x�



� then 	 � deg prem�a�x�� b�x�� � deg b�x�

� the polynomial a�x�is primitive if all its coe�cients are mutually co�prime

a�x� � conta�x� ppa�x�

� conta�x�is the greatest common divisor of all coe�cients of the polynomial and ppa�x�is the primitive part of
the polynomial a� hence� a�x� � conta�x�ppa�x�

� Euclidean algorithm for polynomial reminder sequence

gcd �� GCDPRS�a�x	� b�x		 ��

�suppose that degree of polynomial a is greater or equal to the

degree of polynomial b� i�e�� deg�a	 �� deg�b	

algorithms used�

prem�a� b	 � pseudo�remainder of polynomial a with polynomial b

pp�a	 � primitive part of the polynomial a

gcdi�j� k	 � gcd of two integers j� k�

�� A �� pp�a	

B �� pp�b	

�� while B �� � do

r �� prem�A� B	

A �� B

B �� r

od

�� return gcdi�cont�a	� cont�b		 pp�a	

� coe�cients and partial results grow very quickly�this algorithm is also not e�cient

� it is possible to calculate the primitive part of the remainder in each step� however� the calculation of the
primitive part requires the calculation of many greatest common divisors of integer coe�cients which can often
be large

� modular approach� perform calculations modulo a prime p

� apply homomorphism to coe�cients

� calculate the greatest common divisor of the transformed polynomials modulo p

� use the Chinese remainder algorithm for reconstructing the coe�cients of the greatest common divisor
back in the integers

Example of GCD in Z
x�

� we want to calculate gcd�a� b�� where

a � x� � x
 � �x� � �x� � �x� � �x� �

b � �x
 � �x� � 
x� � �x� ��

� using the algorithm GCDPRS� we get following pseudo�remainders r

pseudo�reminder primitive part
r� � ���x� � �x� � � ��x� � x� � �
r� � ����x� � �	��x� ����� ��x� � ��x� 
�
r� � ���
�
����
��	x� ���
�	����
��		 
���x� ���	
r� � �����������		
��		����
�������		 �



��	 Resultant

� let a� bbe polynomials with coe�cients from the domain O

� the domain Ocan be e�g�� integers or polynomials in other variables

a �

nX
i��

aix
i � b �

mX
i��

bix
i

� the Sylvester matrix of polynomials a� bis the matrix

�
BBBBBBBBBBBBBBBB�

an an�� � � � a� a� 	 	 � � � 	
	 an an�� � � � a� a� 	 � � � 	
���

���
���

���
���

���
���

���
���

	 � � � 	 an an�� � � � a� a� 	
	 � � � 	 	 an an�� � � � a� a�
bm bm�� � � � b� b� 	 	 � � � 	
	 bm bm�� � � � b� b� 	 � � � 	
���

���
���

���
���

���
���

���
���

	 � � � 	 bm bm�� � � � b� b� 	
	 � � � 	 	 bm bm�� � � � b� b�

�
CCCCCCCCCCCCCCCCA

� where mrows are constructed from the coe�cients of the polynomial aand nrows from the coe�cients of the
polynomial b

� the resultant of the polynomials aand bwith respect to the variable x� denoted by Res�x� a� b�� is the determinant
of the Sylvester matrix

� using the special structure of the Sylvester matrix� we can calculate the resultant by the following recursive
algorithm

� Algorithm

res �� RES�x� a� b	 ��

�a� b are polynomials

algorithms used�

rem�a� b	 � remainder after dividing a by b

deg�a	 � degree of the polynomial a

lcof�a	 � leading coefficient of the polynomial a� i�e�� the

coefficient of x�deg�a	�

�� n �� deg�a	

m �� deg�b	

�� if n � m then res �����	��n m	 RES�x� b� a	

else lc �� lcof�a	

if n � � then res �� lc�m

else r �� rem�b� a	

if r � � then res �� �

else p �� deg�r	

res �� lc��m � p	 RES�x� a� r	

fi

fi

fi

� this algorithm gradually replaces rows in the Sylvester matrix derived from the coe�cients of the polynomial
bby rows derived from the coe�cients of the remainder r � rem�b� a�� these new rows are computed as linear
combinations of the rows of the original matrix



� after the above replacement� the matrix has only zeroes below the diagonal in its �rst m � pcolumns while
the diagonal has the values lc� the matrix block consisting of the last n � prows and n � pcolumns is the
Sylvester matrix of the polynomials a� r� thus� in general case of the algorithm� we can use the formula
Res�x� a� b� �� lcm�pRes�x� a� r�

��
 Solving polynomial equations

� solving linear systems is easy as only the inversion of a matrix is required

� system of polynomial equations

f��x�� � � � � xn� � 	

���

fm�x�� � � � � xn� � 	

� Grobner basis according to lexicographic ordering of variables x� � x� � ��� � xn�very high time complexity�

� the system of polynomial equations and its Grobner basis have the same solution

� example

f� � xz � xy� � 
x� � �




f� � y�z � �x�
�

�

f� � x�z � y� �
�

�
x

� Grobner basis of these polynomials with variables ordering x � y � z

g� � z �
�


��
x� � 
��

��
x� �

���

��
x� � ��


��
x�

�

�

g� � y� � �

��
x� �

�


��
x� � �

��
x� �

�

��
x

g� � x� � �



x� � �x� � ��

��
x� � x�

�

��

� this is in  triangular form

� xcan be determined by solving the �rd equation� after substituting x � xiinto the �nd equation� we can
determine y� etc�

� one approximate solution is ��	����
�� 	�����
�����������

� solving �even numerically� of a polynomial equation in one variable is much simpler than solving a system of
polynomial equations

� solving a polynomial system is transformed into the successive solution of equations in one variable� see the
example �see chapter
�����



��� Di�erentiation

� di�erentiation algorithm is very simple

� for di�erentiation� the following rules are su�cient�

�a � b	� � a� � b�

�a � b	� � a� � b�

�a b	� � a�b � a b�

�a�b	� � �a�b � a b�	�b��

f�g�t		� � f��g�t		 g��t	

rules for di�erentiation of functions like ln� exp� sin� cos� f�these can be implemented using a table look up�

� �see chapter
�����

�� Summation

� given the sequence a�� a�� ���� an� ���� what is the sum

S�n� �

nX
i��

ai

� discrete analogue of integration

��	�� Simple example

� let

S�n� �

nX
i��

�

i�i� ��
� i�e��ai �

�

i�i� ��

� then we can express the ratio
an
an��

�
�n� ���n� ��

n�n� ��
�

q�n�p�n�

p�n� ��r�n�

� where we have denoted

p�n� � n� �

q�n� � n� �

r�n� � n� �

� the idea is to try to express the sum S�n�as

S�n� �
q�n� ��

p�n�
anf�n� �����

�
n

�n� ��

�

n�n� ��
f�n�

� where f�n�is a polynomial in n� note that

an � S�n�� S�n� �� �����



� substituting ����� into ������ we obtain a recurrence relation for f�n��

n� � � nf�n�� �n� ��f�n� �� �����

� to solve the recurrence relation� we need to know the degree of the polynomial f�n�

� we can rewrite ����� as

n� � � �n� �n� ���
f�n� � f�n� ��

�
���
�

��n� �n� ���
f�n�� f�n� ��

�

� introducing

f�n� � ckn
k � ck��nk�� � � � �� c�

and substituting this formula into ���
�� we obtain

n� � � �k � ��ckn
k �O�nk���

� from which it follows that k � ��if k � �� then the previous equation implies that ck � 	�

� therefore� f�n�is a polynomial of at most degree two

f�n� � c�n
� � c�n� c�

� the solution of ����� is then

c� � x � R

c� �
� � �x




c� �
� � x




where xis an arbitrary real parameter

� the value of xis obtained from the initial condition S�	� � 	� which gives x � 	and hence�

f�n� �
�n� � �n




� the �nal solution is

S�n� �

nX
i��

�

i�i� ��
�

�n� � �n


�n� � �n� ��



��	�� Gosper algorithm

� given the sequence ai� what is the sum

S�n� �

nX
i��

ai

� we know that ai � S�i�� S�i� ��

� let us assume that S�n��S�n� ��is a rational function

� the quotient of two succesive terms of the sequence can be expressed as

an
an��

�
S�n�� S�n� ��

S�n� ��� S�n� ��

�
S�n��S�n� ��� �

�� S�n� ���S�n� ��

� thus� an�an��is also a rational function

� on the basis of the following lemma� the quotient can be always written as

an
an��

�
p�n�q�n�

p�n� ��r�n�

� where p� q� rare polynomials for which gcd�q�n�� r�n � j�� � �for all j 
 	� gcdis the �see chapter���� �

� Lemma A rational function a�n��b�n�can be always written as

a�n�

b�n�
�

p�n�q�n�

p�n� ��r�n�
�

where p� q� rare polynomials in nand

gcd�q�n�� r�n � j�� � ���j 
 	�

� Theorem Let S�n��S�n� ��be a rational function as above� Then

f�n� � S�n�
p�n�

q�n� ��an

is a polynomial for which

p�n� � q�n� ��f�n�� r�n�f�n� ���

� Gosper algorithm

�S�n	�b	��GOSPER� a�n		

�assumes that a�n	�a�n��	 is a rational function�

if S�n	�S�n��	 is also a rational function then b�true

and S�n	 is computed� otherwise b�false

algorithms used�

num�a	 � numerator of the rational function a

den�a	 � denominator of the ratinal function a

Res�x� p� q	 � resultant of polynomials p� q with respect to the

variable x

gcd�p�q	 � greatest common divisor of the polynomials p and q



deg�p�n		 � degree of the polynomial p�n	

coef�p�n	� i	 � coefficient of the ith power of n in the polynomial

p�n	�

�� b �� true

�� if a�n	 � � then S�n	 �� �� return fi

�� p�n	 �� �

q�n	 �� num�a�n	 � a�n��		

r�n	 �� den�a�n	 � a�n��		

�� while �Res�n� q�n	� r�n�j		 has nonnegative integer root j � j�	 do

g�n	 �� gcd�q�n	� r�n�j�		

q�n	 �� q�n	�g�n	

r�n	 �� r�n	�g�n�j�	

p�n	 �� p�n	 g�n	 g�n��	 ��� g�n�j���	

od

�� lp �� deg�q�n��	 � r�n		

lm �� deg�q�n��	 � r�n		

if lp �� lm then k �� deg�p�n		�lm

else

k� �� � ��lp coef�q� lp	 � coef�q� lp��	 � coef�r� lp��		�

�coef�q� lp	 � coef�r� lp		

if �k� is integer	 then k �� max�k�� deg�p�n		�lp��	

else k �� deg�p�n		�lp��

fi

fi

if k � � then b �� false� return fi�

�� solve recurrence relation p�n	�q�n��	f�n	�r�n	f�n��	

with initial condition f��	�p��	�q��	

for f�n	�ck n�k � ��� � c�

if �solution does not exist	 then b �� false� return fi�

� S�n	 �� q�n��	 a�n	 f�n	�p�n	�

return

��	�� Examples using the Gosper algorithm

mX
n��

Qn��
j�� �b

�
j � cj � d�Qn

j���b
�
j � cj � c�

�
��Qm

j��

b�j�cj�c�

b�
j
�cj�c

c� d

mX
n��

nxn �
mxm�� � �m� ��xm�� � x

�x� ���

� �see chapter
�����

���� Integration

� as in the summation problem� the basic structure of the algorithm is the following�

� a structural theorem gives the general form of the solution

� need to determine the degree bounds on the polynomial appearing in the solution

� �nally� determine the coe�cients of these polynomials



���
�� Integration of rational functions

� Theorem �Rothstein� Let A�x�� B�x�be polynomials with B�x�square free �i�e�� there are no squared or higher
degree factors in its factorization� and suppose that the degree of Ais less than the degree of B� deg�A� �
deg�B��� Then

Z
A�x�

B�x�
d x �

nX
i��

ci ln vi�

where c�� ���� cnare the distinct roots of the polynomial R�c� � Res�x�A�x��cB��x�� B�x��and vi � gcd�A�x��
ciB

��x�� B�x��for i � �� ���� n� Res is the �see chapter���� ��

���
�� Integration of elementary transcendental functions

� extend the rational functions by the natural logarithm and exponential function �see �see chapter������ �

� Theorem �Liouville� Let Kbe a di�erential �eld and fbe from K� Then� an elementary extension of the �eld
K� which has the same �eld of constants as Kand contains an element gsuch that g� � f � exists if and only if
there exist constants c�� ���� cnfrom Kand functions u� u�� ���� unfrom Ksuch that

f � u� �
nX
i��

ci
u�i
ui

i�e��

g �

Z
f � u�

nX
i��

ci lnui

� Risch ��������� � �rst decision procedure for the integration of elementary transcendental and algebraic func�
tions� the procedure determines if the integral exists within a given class of functions and if so� then calculates
the value of the integral

���
�� Integration examples

Z
x

x� � �
d x �

�

�
ln�x� � ��

Z
�

x� � �
d x � � ln�x� � �

p
�x� �

p
��

� �
p
��

�
arctan

	
�x� �

p
�

�
p
�
p
�



�
p
��
p
�

�
ln�x� �

p
��

� �
p
��

Z �
�xex

�

ln�x� �
ex

�

x
�

ln�x�� �

�ln�x�� � x��

�
� ln�x��x � ��x� �

ln�x�� � x

�
d x

� ex
�

ln�x�� ln�x�

ln�x�� � x
� ln�ln�x�� � x�

� �see chapter
�����



���� Ordinary di�erential equations

� Kovacic algorithm for di�erential equations of the type

ay�� � by� � cy � 	

where a� b� care polynomials in x�implemented in Macsyma�

� Singer algorithm for di�erential equations of the type

yn� � cn��yn��� � � � �� c�y
� � c�y � 	

where cn��� ���� c�are rational or algebraic functions �not implemented until now due to its massive complexity�

� algorithms that look for Liouville type solutions �i�e�� rational functions extended by algebraic functions�
exponential functions and integrals� or decide if such a solution exists

� �see chapter
�����

���� Polynomial factorization

� consider polynomials with integer coe�cients �it is simple to convert a polynomial with rational coe�cients
into a problem in this domain�

� factorization splits a given polynomial a�x�into the product of polynomials aj�x��

a�x� �

nY
j��

aj�x�

� a polynomial a�x�is  square free � i�e�� it does not have a factor which is the second or higher power of a
polynomial� if and only if gcd�a�x�� a��x�� � �� that is� there does not exist a polynomial other than the
constant �that divides the polynomial a�x�and its derivative

� if the polynomial a�x�is not  square free then

a�x� � b�x��c�x�

a��x� � �b�x�b��x�c�x� � b�x��c��x�

and gcd�a�x�� a��x�� � b�x�d�x�

� Berlekamp algorithm for factorization of  square free polynomials in one variable modulo a prime p

� Berlekamp�Hensel algorithm for factorization of  square free polynomials in one variable with integer coe��
cients

� Kronecker algorithm for factorization of polynomial in more variables

� these algorithms exhibit exponential complexity

� there exists algorithms with only polynomial complexity

� uses of factorization� solving of polynomial equations� integration of rational functions� etc�

� example

�x�y � 
	x�y� � �x�y�z � 
x�y

� 
x�z� � �	xy�z � �	xy� � �	xy�z�

� xyz� � �xz� � �y�z� � �	y�z�

� ��xy � z���
x� yz � ���x� �y��

� �see chapter
�����



���� Quanti�er elimination

� quanti�ed formula in prenex form over a real �eld�

G � �Qf��xf��� � � � �Qrxr�F �x�� � � � � xr�

where Qiis a general quanti�er �for all� or existential quanti�er �there exists� and F is a logical combination of
polynomial equations and inequalities in the variables x�� ���� xr

� fvariables are free �not quanti�ed� and r � fvariables are quanti�ed

� there exists a quanti�er free formula H in free variables x�� ���� xfwhich is equivalent to the formula G

� quanti�er elimination is the procedure which transforms the quanti�ed formulaGinto the quanti�er free formula
H

� around ���	 Tarski proved that quanti�er elimination is possible

� �rst quanti�er elimination method was proposed by Tarski ����� however its complexity cannot be bound by
any tower of exponentials

� cylindrical algebraic decomposition method by Collins ��� made a breakthrough having !only double expo�
nential complexity

� improvements in the method of partial cylindrical algebraic decomposition� Collins and Hong ����� programm
QEPCAD

� example� the quanti�ed formula

��S�� ��S�� �C � 	� 
��	 � S� � �  	 � S� � �� �	
��S�S�C� � �S�S�C

� � S�C
�

��S�C � S�C
� � �S�C � � 
 	�

� is equivalent to the quanti�er free formula

	 � C � �

�

Example with QEPCAD program

� formula is quanti�ed for all TGX and TGY�

inputs � outputs

�������������������������������������������������������

Quantifier Elimination

in

Elementary Algebra and Geometry

by

Partial Cylindrical Algebraic Decomposition

Version �� �Interactive	

June ����

by

Hoon Hong

�hhong�risc�uni�linz�ac�at	

Research Institute for Symbolic Computation



�������������������������������������������������������

��QEPCAD�� Enter an informal description between ��� and ����


Wendr M�� � factor����

��QEPCAD�� Enter a variable list�

�A�B�TGX�TGY�

��QEPCAD�� Enter the number of free variables�

�

��QEPCAD�� Enter a prenex formula�

�A TGX� �A TGY�
� A � B �� � � A � B �� �� � A � B �� � � A � B �� ��
� � A�� TGX�� �TGY�� � �� � � A B TGX TGY � � TGX TGY � �� � A TGX�� �
TGY�� � �� � B�� TGY�� �TGX�� � �� � B TGY�� �TGX�� � �� �� �
� �

�������������������������������������������������������

��QEPCAD�� Before Normalization��

	nish

�������������������������������������������������������

An equivalent quantifier�free formula�

� A �� � � B �� � � B � A � � �� � � B � A � � �� � �   

B � A � � �� � � B � A � � �� � 	



Chapter �

Integrated mathematical systems

��� Computer algebra systems

� specialized systems

� TRIGMAN ��	� celestial mechanics

� SCHOONSCHIP ���� quantum physics

� CAMAL ���� celestial mechanics� general theory of relativity

� SHEEP ��� general theory of relativity� very fast

� general purpose systems

� REDUCE ����� classical system� delivered with sources

� MACSYMA ��	� classical system� mainly in USA

� MAPLE ����� fast and good system

� DERIVE ����� on PC� even on pocket computers

� MATHEMATICA ����� nice graphics and user interface �notebook�

� AXIOM ����� former Scratchpad II� modern  object oriented concepts� most complete system

� �see chapter������

� for other computer algebra systems and packages� including also public systems� consult the overview at CAIN
Netherlands or the collection of symbolic software at the University of Berkeley

��� Peculiarities of programming in computer algebra systems

� computer algebra system �CAS� can be used as an algebraic calculator

� one can program in a CAS using a high level language

� one can get VERY LARGE algebraic expressions quite easily �see chapter���

� it is hard to guess the memory and CPU time requirements for a given calculation

� often calculations need to be done only once�once a result is known� it does not need to be calculated again

� e�ciency questions �algorithmic�

� questions of representation which can in�uence the e�ciency as well

� experience is very important

��



��� Expression Swell

EXPRESSION SWELL is a common phenomenon of exact computations in which the size of numbers and
expressions involved in a calculation grows dramatically as the calculation progresses�

INTERMEDIATE EXPRESSION SWELL is an important special case of expression swell in which� during
the middle stages of a calculation� intermediate expressions can expand substantially� but the �nal results of
the calculation are comparatively simple�

����� An Example of Expression Swell

� consider the Hankel matrix

�
BBBBBBBBBBBB�

�� � � �� �� � � �� ��
� � �� �� � � �� �� �
� �� �� � � �� �� � �

�� �� � � �� �� � � ��
�� � � �� �� � � �� ��
� � �� �� � � �� �� �
� �� �� � � �� �� � ��

�� �� � � �� �� � �� �
�� � � �� �� � �� � �

�
CCCCCCCCCCCCA

� it has the following characteristic polynomial�

c��� � �	 � �� � 
	�� � �
�
 � �
	�� � �

��

� ����� ����� � ��� � �	�� � ���� �
�

� the Hankel matrix has four zero eigenvalues� one eigenvalue is ��� and the other four eigenvalues are roots of
the seemingly simple looking quartic polynomial

�� � ��� � �	�� � ���� �


� here is one root of this quartic polynomial

�
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� the other three roots are similar in structure�

����� An Example of Intermediate Expression Swell

� the left�hand side of the �tensor� Bianchi identity for a symmetric connection is

K �
j hkjp �K �

j kpjh �K �
j phjk �

where K is the Riemann curvature tensor



� expanding in terms of Christo�el symbols of the second kind� one obtains

� " �
��	 h"

��	
j ���"

���
p k � " �

j h����"
���
p k � " �

��	 ���"
��	
j h"

���
p k � " �

j ����h"
���
p k

� " �
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j ��
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j ���"
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j ����p"
���

k h � " ���
h k"

�
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� " �
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� this sum contains � terms� each of which is a product of � or � Christo�el symbols� for a total of ��	 Christo�el
symbols

� however� upon simplifying this expression by consistently renaming the dummy indices� the simple result of
zero is obtained� which veri�es the identity

����� Expression Size

� Integer� �number of base � digits comprising n�

N��n� �
 blog� jnjc� �� n �� 	
	� n � 	

� Rational number�

N�

	m
n



� N��m� �N��n�

� General expression�

� number of terms

� number of operators and atomic operands

� number of characters

� etc�



����� Another Example of Intermediate Expression Swell

� stages in the expression swell analysis of the computation of the characteristic polynomial of a � � � general
matrix containing !prime 
�digit rational numbers �both the numerator and the denominator consist of 

digits�

�� Initial matrix�
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�� The sizes of the entries in the upper Hessenberg matrix H that is similar to A� For example� the ���
�
entry is a rational number with a �	��digit numerator and a ����digit denominator�

N���H� �
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�� The sizes of the coe�cients of the characteristic polynomial cH��� � cA���� For example� the coe�cient
of �� is a rational number with a ���digit numerator and a �		�digit denominator� The numbers involved
involved have decreased in size� but are still large�

N���cH���� � �� �
��
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��

�		
��

��

�		

����� Expression Swell Analysis

� bounds on expression size provide estimates of

� memory needed

� CPU time required

to perform a given calculation�

� bounds can be determined

� empirically �statistical survey�

� theoretically �worst case and best case analyses�



Chapter �

Basic possibilities of integrated

mathematical systems

��� Axiom

� inputs

outputs

����� Number domains

In Axiom
For comparison with other CAS choose from� Derive �see chapter 
����� Macsyma �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����

Big integers

In Axiom
For comparison with other CAS choose from� Derive �see chapter 
����� Macsyma �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����

� integers of arbitrary size

������

�����������������

Type� PositiveInteger

factorial ��


����
�����������������
��������
������������������������������

������������

Type� PositiveInteger

bi�����������������

�����
����

Type� PositiveInteger

��



� factorization of integers

factor bi

�

�� � �� ���

Type� Factored Integer

bia����������

�������

Type� PositiveInteger

� integer greatest common divisor

gcd�bi�bia�

��

Type� PositiveInteger

Rational numbers

In Axiom
For comparison with other CAS choose from� Derive �see chapter 
����� Macsyma �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����

� exact calculation with rational numbers

�������������������

���
����

���������

���
���

Type� Fraction Integer

rn����������������

���

� ����

����

Type� Fraction Integer

Complex numbers

In Axiom
For comparison with other CAS choose from� Derive �see chapter 
����� Macsyma �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����

� exact calculation with complex numbers

cn�� ������i���������i����������i�



�� � ����i

����������

� � �i

Type� Fraction Complex Integer

� real and imaginary part

real�cn� � �i�imag�cn�

�����

�� !� � � ���

���������������

�

Type� Expression Integer

Algebraic numbers

In Axiom
For comparison with other CAS choose from� Derive �see chapter 
����� Macsyma �see chapter 
����� Maple �see

chapter ��� Mathematica �see chapter ��� Reduce �see chapter 
�����
sqrt��� rootOf�sqrt�������

sqrt�

Type� AlgebraicNumber

���sqrt����

�

���������

sqrt� � �

Type� AlgebraicNumber

�x������sqrt��x�����x�sqrt��

x � sqrt�

Type� Fraction Polynomial AlgebraicNumber

on gcd�
�x�����sqrt�����x�������sqrt�����x���sqrt����x�������

�

x � �x � �

���������������

� sqrt� � �

x � �����������

�sqrt� � �

Type� Fraction Polynomial AlgebraicNumber

normalize

� �

��x � �x � �	sqrt� � x � �x � �

���������������������������������

��x � �	sqrt� � x � �

Type� Expression Integer



sqrt�x������sqrt��x�y���y����

�������������������������

! � �

 !� �x y sqrt� � �y � x

Type� Expression Integer

� multiple algebraic extensions

sqrt��� rootOf�sqrt�������

sqrt�

Type� AlgebraicNumber

cbrt��� rootOf�cbrt�������

cbrt�

Type� AlgebraicNumber

cbrt����

�

Type� AlgebraicNumber

sqrt�����

�

Type� AlgebraicNumber

cbrt��

cbrt�

Type� AlgebraicNumber

sqrt�x�������sqrt��cbrt���x�����sqrt��cbrt��cbrt�����

���������������������������������������������������

! � �

 !�� �cbrt� � �x	sqrt� � cbrt� � �x cbrt� � x � �

Type� Expression Integer

Big �oating point numbers

In Axiom
For comparison with other CAS choose from� Derive �see chapter 
����� Macsyma �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����
rn�� � ���������
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� ����

����

Type� Fraction Integer

cn��������i � ������

��� � ���i

�����������

�

Type� Fraction Complex Integer

� computation with �oating point numbers

rn �� Float

� ���
��
��� ���������

Type� Float

cn �� Complex Float

�
�� � ���� �i

Type� Complex Float

�pi �� Float

������������ 
�����
�

Type� Float

cos��pi �� Float�

� ���

Type� Float

sin ��

��
�����
�
 �
�������

Type� Float

� computation with an arbitrary number of digits

digits ���

Type� PositiveInteger

�pi �� Float



������������ 
�����
�� �����
��� ���

���� ��������

Type� Float

cos �pi �� Float

� ���

Type� Float

� should be cos�pi#�� � sqrt���#�

cos��pi�� �� Float�

��
�������� 
���
���� ������� ����
���� ����������

Type� Float

���

Type� Float

digits ���

Type� PositiveInteger

� no under�ows appears

exp�������������

����
������� ��������
 E �����������

Type� Float

� complex functions

tan��� � ����i�

�������
�� ��������� � ���
������� �
������� �i

Type� Complex Float

log��� � ����i�

����������� ������� � ��
���
���� ���
����� �i

Type� Complex Float

����� Polynomials

In Axiom
For comparison with other CAS choose from� Derive �see chapter 
����� Macsyma �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����



Basic operations

In Axiom
For comparison with other CAS choose from� Derive �see chapter 
����� Macsyma �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����

� by default� parentheses are expanded

pol�� �a�b�c����

� � � � � � � � �

c � ��b � �a	c � ��b � ��a b � �a 	c � ��b � ��a b � ��a b � �a 	c

�

� � � � � �

b � �a b � �a b � �a b � a

Type� Polynomial Integer

� di�erentiation

dpol�� D�pol� a�

� � � � � � � �

�c � ���b � ��a	c � ���b � ��a b � ��a 	c � �b � ��a b � ��a b � �a

Type� Polynomial Integer

D�D�pol� a�� b� ��

��c � ��b � ��a

Type� Polynomial Integer

� integration

integrate�dpol� a�

� � � � � � � � � � �

�a c � ���a b � �a 	c � ���a b � ��a b � �a 	c � �a b � �a b � �a b � a

Type� Polynomial Fraction Integer

� polynomial greatest common divisor

�a����b������a������a�b�b����

� b � a

�������

b � a

Type� Fraction Polynomial Integer

g �� ���x��������x����x�������x��������x������

�� ��  �

��x � ��x � �x � ��x � ��x � 
�

Type� Polynomial Integer



f��� g � ����x��������x���������x�������x�������x��������

� � � �� �� �� �� ��

� ���x � ���x � ����x � ��x � ���x � ����x � ���x � ���x

�

�� �� �
 � �� � ��

���x � ����x � ����x � �
��x � ��
�x � ��
�x � �
��x

�

�� � �� �� �� �� ��

� ����x � ��
�x � ��
�x � ����x � ���x � ����x � 

��x

�

�� �� � 
  � � �

� ����x � ����x � �����x � ����x � ���x � ��
�x � ����x � ����x

�

��x � ����

Type� Polynomial Integer

f��� g � ����x��������x��������x��������x��������x��������x��������

� � � �
 � �� ��

���
x � �
��x � �
��x � ���x � ����x � ����x � ����x

�

�� �� �
 �� �� �� ��

� ����x � �
��x � �
x � ����x � ���x � ��
x � ����x

�

�� �� �� �� �� �� ��

� 
��x � ��
�x � ���x � ����x � ���x � ���x � ����x

�

�� �
 �� �� �� �� �� �

�
��x � ���x � ���x � ����x � ���x � ����x � ���x � �
�x

�

�� �� �� ��  �

� ����x � ��
�x � ����x � ����x � ���x � ����x � ��x � ����

Type� Polynomial Integer

gcd�f��f��

�� ��  �

��x � ��x � �x � ��x � ��x � 
�

Type� Polynomial Integer

Factorization

In Axiom
For comparison with other CAS choose from� Derive �see chapter 
����� Macsyma �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����

� factorization is the transformation of a polynomial into a product of polynomials

factor�a����b����

� �b � a	�b � a	

Type� Factored Polynomial Integer



factor�a����b���� 
rootOf�i�� � ����

� �

�b � � a	�b � � a	

i i

Type� Factored Polynomial AlgebraicNumber

fa�� �x����z�y����z�������

�x�y����z�����

��x����y�z�������

�x����y����z����

� 
 �  � 
  � � � �

y z � x z � �x y � x y � x y � �y � �	z

�

� � � � � � �

�x y � x y � x y � �x 	z

�

� �� � � � � 
  � � � � �

�x y � x y � �� x � �x 	y � �x y � �x y � �x y � �x y � ��	z

�

�  
 � � � � � � �

�x y � x y � �� x � �x 	y � �x y 	z

�

 �� � �� �  � � � � � � �

�� x y � �x y � �x y � �x y � �� �x � ��x 	y � ��x y 	z

�

� 
 �   
 � 

�� x y � �x y 	z � �x y � ��x y

Type� Polynomial Integer

factor fa

� � � � � � � � � �

�z � x y � �	�z � x y 	�z � x y 	�y z � x z � �	

Type� Factored Polynomial Integer

Grobner bases

In Axiom
For comparison with other CAS choose from� Derive �see chapter ��� Macsyma �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����
polys �� 
���p � ���s � ����b � ���
���p � ���z � ���t � ���s�
���w � ���p�s � ���z � ���t � ����b����
� ��w � ���p�t � ���z�s�
w�p � ��z�t � ���b����
���w � ���s�b � ��b����
b��� � ������b � �����������



���s � ��p � ���b � ��� ��z � ��t � �s � ��p�

� �

��z � ��w � �
t � ��p s � ���b � ��s z � �w � ��p t� �t z � p w � ��b �

� � �� ���

��w � ��b s � �b � b � �� b � ������

�� �����

Type� List Polynomial Fraction Integer

vars �� 
w� p� z� t� s� b�

�w�p�z�t�s�b�

Type� List Symbol

groebner�polys�

�� ���� �� ���� � � � �

�z � �� b � ����� w � ��� b � ������ t � �� b � ���� s � � b � ����

�� ���� ��� ����� �� ��� � ���

�� ��� � �� ���

p � �� b � ���� b � �� b � ������

�
 ��� �� �����

Type� List Polynomial Fraction Integer

� solving a system of polynomial equations by Grobner bases

solve�polys� vars�

�

� ����b � ���� ����b � �� � �����b � ���
 �
��b � 
�

�w� ��������������� p� ������������� z� ����������������� t� �����������

����� �
�� �
��� ��

���b � � �

s� ��������� �����b � ����b � ���� ��

���

�

Type� List List Equation Fraction Polynomial Integer

� �see chapter
���
�

����� Rational functions

In Axiom
For comparison with other CAS choose from� Derive �see chapter 
����� Macsyma �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����
rf�� ���a�b������a����b���a������

� �

�a b � �a b

������������

�

a � �

Type� Fraction Polynomial Integer



� integration

integrate�rf� a�

����������������������������������������

! � � �

� !� ����G� � 
��G� ��G� � ����G� � �b � ���G� � ���G�	

�

log

���a ��G� � ��a ��G� � ��b � ��a	

�

����������������������������������������

! � � �

 !� ����G� � 
��G� ��G� � ����G� � �b

�

� �

�
a ��G� � ����b � ���a	��G� � �
a ��G� � ����b � ���a	��G�

�

�

� �a b � ���b

�

����������������������������������������

! � � �

��  !� ����G� � 
��G� ��G� � ����G� � �b � ���G� � ���G�	

�

log

���a ��G� � ��a ��G� � ��b � ��a	

�

����������������������������������������

! � � �

 !� ����G� � 
��G� ��G� � ����G� � �b

�

� �

� �
a ��G� � �� ���b � ���a	��G� � �
a ��G�

�

�

�� ���b � ���a	��G� � �a b � ���b

�

� �

���G� log���a ��G� � ����b � ���a	��G� � �a b � ���b	

�

� �

���G� log���a ��G� � ����b � ���a	��G� � �a b � ���b	

�

�

Type� Union�Expression Integer����	

� partial fraction decomposition

����x�������x�����x����x������x�

�

��x � ��x � �

��������������

� �

x � x � �x



Type� Fraction Polynomial Integer

padicFraction�

partialFraction�numerator�

factor�denominator�

Factored UnivariatePolynomial�x� Fraction Integer���

� � �

� � ����� � �����

x x � � x � �

Type� PartialFraction UnivariatePolynomial�x�Fraction Integer	

����� Solving equations

In Axiom
For comparison with other CAS choose from� Derive �see chapter 
���
� Macsyma �see chapter 
���
� Maple �see

chapter 
�
�
� Mathematica �see chapter 
���
� Reduce �see chapter 
���
�

Linear systems

In Axiom
For comparison with other CAS choose from� Derive �see chapter 
���
� Macsyma �see chapter 
���
� Maple �see

chapter 
�
�
� Mathematica �see chapter 
���
� Reduce �see chapter 
���
�
solve�
��x��x����x���� x����x��x���� ��x����x����x����� 
x�� x�� x���

��x�� � ��x�� ��x�� ���

Type� List List Equation Fraction Polynomial Integer

Nonlinear equations

In Axiom
For comparison with other CAS choose from� Derive �see chapter 
���
� Macsyma �see chapter 
���
� Maple �see

chapter 
�
�
� Mathematica �see chapter 
���
� Reduce �see chapter 
���
�
solve�x������x�������x�������x��������x��������x��������x��������x���� x�


  � � � � �

�x � 
x � ��x � ��x � ��x � ���x � ���x � ���x � ��� ��

Type� List Equation Fraction Polynomial Integer

solve�log�acos�asin�x��������b�������� x�

��

Type� List Equation Expression Integer

Nonlinear systems

In Axiom
For comparison with other CAS choose from� Derive �see chapter ��� Macsyma �see chapter ��� Maple �see

chapter 
�
�
� Mathematica �see chapter 
���
� Reduce �see chapter 
���
�
solve�




 alpha � c� � beta � c���� � gamma�c��c� � epsilon�c��
�gamma�c��c� � �epsilon�theta��c� �eta �c��
gamma�c��c� � eta�c� � �epsilon�theta� � c���

c�� c�� c���

�� Error detected within library code�

system does not have a finite number of solutions

You are being returned to the top level of the interpreter�

� �see chapter
�����

����� Analytical operations

In Axiom
For comparison with other CAS choose from� Derive �see chapter 
����� Macsyma �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����

Limits

In Axiom
For comparison with other CAS choose from� Derive �see chapter 
����� Macsyma �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����
limit�sin�x��x� x � ��

�

Type� Union�OrderedCompletion Expression Integer����	

limit����sin��pi�x� � sin����pi�x���x���� x � ��

�

��pi

Type� Union�OrderedCompletion Expression Integer����	

limit����x�������x���� x �

�

�

�

Type� Union�OrderedCompletion Fraction Polynomial Integer����	

Taylor series

In Axiom
For comparison with other CAS choose from� Derive �see chapter 
����� Macsyma �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����
�set streams calculate �
series��e��x� x � ��

� � � � � � �

� � x � � x � � x � �� x � O�x 	

� � ��

Type� UnivariatePuiseuxSeries�Expression Integer�x��	



�set streams calculate �

� �

� � �x � �x � O�x 	

Type� UnivariatePuiseuxSeries�Expression Integer�x��	

Summation and Products

In Axiom

For comparison with other CAS choose from� Derive �see chapter 
����� Macsyma �see chapter 
����� Maple �see
chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����

sum�n����x��n� n�

� � � � � n � �

��n � �n � �	x � �� �n � �n � �	x � n x	x

��������������������������������������������������

� �

x � �x � �x � �

Type� Expression Integer

sum�cos����r�����pi����n����� r�

r

��� ���A � �	�pi

� cos�������������	

��� �n � �

�A

Type� Expression Integer

product��e���sin�n�x��� n�

n

����� sin��A x	

! ! �e

! !

�A

Type� Expression Integer

for all n�m such that 	xp m let factorial�n�m��if m � � then factorial�n�m�����n�m� else facto�
rial�n�m�����n�m����

sum�n����n�factorial�n���� n�

n �A

��� �A �

� ���������

��� ��A � �	�

�A

Type� Expression Integer



Integration

In Axiom
For comparison with other CAS choose from� Derive �see chapter 
����� Macsyma �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����
integrate�x�����a�b�x���p� x�

� � � � � � � � � � � p log�b x � a	

��b p � �b p � �b 	x � �a b p � a b p	x � �a b p x � �a 	�e

� � � � � �

b p � �b p � ��b p � �b

Type� Union�Expression Integer����	

integrate�x����log�x����a����� x�

� � � � x � �

�x log�x � a 	 � �a atan�� �	 � �x � �a x

a

�������������������������������������������

�

Type� Union�Expression Integer����	

integrate�x�d��x�sin x� x�

� � �

�x log�d	 � log�d	 � x log�d	 � �	sin�x	 � x cos�x	log�d	

�

�cos�x	log�d	 � x cos�x	

�

x log�d	

�e

�

� �

log�d	 � �log�d	 � �

Type� Union�Expression Integer����	

integrate�x�sqrt�a�b�x���p� x�

���������

� � � � p log� !b x � a 	

���b p � �b 	x � �a b p x � �a 	�e

����������������������������������������������������

� � � �

b p � �b p � 
b

Type� Union�Expression Integer����	

integrate���x��e���x�����log�x���e���x�����x��log�x������log�x�����x�����
����x��log�x�����x������log�x�����x�� x�

� �

� � x � x

�log�x	 � x	log�log�x	 � x	 � �e log�x	 � �x �e � �	log�x	

����������������������������������������������������������������



�

log�x	 � x

Type� Union�Expression Integer����	

Ordinary di�erential equations

In Axiom
For comparison with other CAS choose from� Derive �see chapter ��� Macsyma �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����
y�� operator� y��

Type� BasicOperator

solve�D�y�x�� x� � y�x� � sin x�cos x � ��cos x � �� y� x�

�particular� sin�x	�basis� �cos�x	��

Type� Union�Record�particular� Expression Integer�basis� List Expression Integer	����	

� Bernoulli equation

solve�x����x�����D�y�x�� x� � ���x��� ����y�x� � x����y�x���� � �� y� x�

� � � �

� �x y�x	 � �x � �x

����������������������

�

�y�x	

Type� Union�Expression Integer����	

solve�D�y�x�� x� �����D�y�x�� x����y�x��x�exp�x� � �� y� x�

� �x x �

��x � �	�e ��e 	 � �x � �x

�particular� ���������������������basis� ��e �x �e ��

�

Type� Union�Record�particular� Expression Integer�basis� List Expression Integer	����	

Substitutions � pattern matching

In Axiom
For comparison with other CAS choose from� Derive �see chapter ��� Macsyma �see chapter 
����� Maple �see

chapter ��� Mathematica �see chapter ��� Reduce �see chapter 
�����
sincosRules�� rule
�cos�x��cos�y� �� �cos�x�y� � cos�x�y�����
cos�x��sin�y� �� �sin�x�y� � sin�x�y�����
sin�x��sin�y� �� �cos�x�y� � cos�x�y�����
cos�x���� �� �� � cos���x�����
sin�x���� �� �� � cos���x���� �

�X cos�y � x	 � �X cos�� y � x	

"�X cos�x	cos�y	 �� ��������������������������������

�



�Y sin�y � x	 � �Y sin�� y � x	

�Y cos�x	sin�y	 �� ��������������������������������

�

� �Z cos�y � x	 � �Z cos�� y � x	

�Z sin�x	sin�y	 �� ����������������������������������

�

� cos��x	 � � � � cos��x	 � �

cos�x	 �� ������������ sin�x	 �� �������������#

� �

Type� Ruleset�Integer�Integer�Expression Integer	

sincosRules �a��cos�wt� � a��cos���wt� � b��sin�wt� � b��sin���wt�����

� � � � � �

b� sin��wt	 � ��b� b� sin�wt	 � �a� b� cos��wt	 � �a� b� cos�wt		sin��wt	

�

� �

�b� b� sin�wt	 � ��a� b� b� cos��wt	 � �a� b� b� cos�wt		sin�wt	

�

� � � �

�a� b� cos��wt	 � �a� a� b� cos�wt	cos��wt	 � �a� b� cos�wt	

�

sin��wt	

�

� � � � �

b� sin�wt	 � ��a� b� cos��wt	 � �a� b� cos�wt		sin�wt	

�

� � � �

��a� b� cos��wt	 � �a� a� b� cos�wt	cos��wt	 � �a� b� cos�wt	 	sin�wt	

�

� � � � � �

a� cos��wt	 � �a� a� cos�wt	cos��wt	 � �a� a� cos�wt	 cos��wt	

�

� �

a� cos�wt	

Type� Expression Integer

int�� operator� int��

Type� BasicOperator

intRules�� rule
�int�x � �y� z� �� int�x� z� � int�y� z��
int�k�x ! freeOf��k� z�� z� �� k�int�x� z��
int�y ! integer� y� z� �� y�z�
int�x����p ! D�p� x� � ��� x� �� x���p�����p��� �

"int�y � x�z	 �� �int�y�z	 � �int�x�z	� int�k x�z	 �� k�int�x�z	�

p � �

p x

int�y�z	 �� y z� int�x �x	 �� ������#

p � �

Type� Ruleset�Integer�Integer�Expression Integer	



intRules int�a����b�a��b���a��� a�

b � � � � � �

a � �a b � a 	int�b�a	 � ��a � �a	b � �a � �a

����������������������������������������������������

b � �

Type� Expression Integer

intRules int�a���a���� a�

a � �

a

������

a � �

Type� Expression Integer

����� Matrices

In Axiom
For comparison with other CAS choose from� Derive �see chapter 
����� Macsyma �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����
xx�� matrix�

a��� a���� 
a��� a�����

�a�� a���

! !

�a�� a���

Type� Matrix Polynomial Integer

yy�� matrix�

y��� 
y����

�y��

! !

�y��

Type� Matrix Polynomial Integer

determinant xx

a�� a�� � a�� a��

Type� Polynomial Integer

zz�� inverse�xx��yy

�� a�� y� � a�� y��

!�����������������!

!a�� a�� � a�� a��!

! !

! a�� y� � a�� y� !

!�����������������!

�a�� a�� � a�� a���

Type� Matrix Fraction Polynomial Integer



inverse�xx����

�

�

a�� � a�� a��

����������������������������������������

� � � �

a�� a�� � �a�� a�� a�� a�� � a�� a��

� a�� a�� � a�� a��

���������������������������������������

� � � �

a�� a�� � �a�� a�� a�� a�� � a�� a��

�

� a�� a�� � a�� a��

����������������������������������������

� � � �

a�� a�� � �a�� a�� a�� a�� � a�� a��

�

a�� a�� � a��

���������������������������������������

� � � �

a�� a�� � �a�� a�� a�� a�� � a�� a��

�

Type� Matrix Fraction Polynomial Integer

v �� matrix�

�� ��� ��� 
�� �� ��� 
��� �� ����

� � � � ��

! !

! � � �!

! !

�� � � ��

Type� Matrix Integer

eigenvectors v

��� ���

! ! ! !

��eigval� ��eigmult� ��eigvec� �!�!����eigval� ��eigmult� ��eigvec� �!�!���

! ! ! !

��� ���

Type� List Union�Record�algrel� Fraction Polynomial Integer�algmult� Integer�algvec� List Matrix Fraction Po

����� Graphics

In Axiom
For comparison with other CAS choose from� Derive �see chapter 
���� Macsyma �see chapter 
����� Maple �see

chapter 
�
�� Mathematica �see chapter 
���� Reduce �see chapter 
�����

�D Graphics

In Axiom
For comparison with other CAS choose from� Derive �see chapter 
���� Macsyma �see chapter 
����� Maple �see

chapter 
�
�� Mathematica �see chapter 
���� Reduce �see chapter 
�����



� function of one parameter

draw�sin��e�x�� x � ��pi�

� graph of several functions �Bessel functions J�n� x�� n � 	� �� ��

draw�
besselJ��� x�� besselJ��� x�� besselJ��� x��� x � ����

title �� "Bessel Functions BesselJ�n� x�"�

�D Graphics

In Axiom
For comparison with other CAS choose from� Derive �see chapter 
���� Macsyma �see chapter 
����� Maple �see

chapter 
�
�� Mathematica �see chapter 
���� Reduce �see chapter 
�����

� graph of a function with � parameters

draw�sin��pi�sin�x�y��� x � ���� y � ����

� graph of another function with � parameters

draw�tan�x�y�� x � ������pi�����pi� y � ������pi�����pi�

Parametric plots

In Axiom
For comparison with other CAS choose from� Derive �see chapter 
���� Macsyma �see chapter 
����� Maple �see

chapter 
�
�� Mathematica �see chapter 
���� Reduce �see chapter 
�����

� surface de�ned parametrically

draw�surface�sin�v�� sin���v��sin�u�� sin���v��cos�u���

u � ����pi� v � ��pi���pi���

��� Derive

� inputs

outputs

����� Number domains

In Derive
For comparison with other CAS choose from� Axiom �see chapter 
����� Macsyma �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����

Big integers

In Derive
For comparison with other CAS choose from� Axiom �see chapter 
����� Macsyma �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����

� integers of arbitrary size

�����

��

��

�����������������



��#

���


����
�����������������
��������
������������������������������

������������

���� �� �� ���

�

�� � �� ���

�����
����

� factorization of integers

factor

�

�� � �� ���

Rational numbers

In Derive
For comparison with other CAS choose from� Axiom �see chapter 
����� Macsyma �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����

� precise calculation with rational numbers

�������������������

������
��

������������

�
�����

���
����

�����������

���
���

��������������

� � ��

��� � ���� � ����

� �� �

���

� ������

����



Complex numbers

In Derive
For comparison with other CAS choose from� Axiom �see chapter 
����� Macsyma �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����

� precise calculation with complex numbers

�� � � $i� ��� � � $i� � ���� � � $i�

�

�� � � i	 ��� � � i	 � ���������

� � � i

��� �� i

����� � �������

� �

Radicals

In Derive
For comparison with other CAS choose from� Axiom �see chapter 
����� Macsyma �see chapter 
����� Maple �see

chapter ��� Mathematica �see chapter ��� Reduce �see chapter 
�����

� computation with radicals

�x���� sqrt��� x�����x�sqrt����

�

x � � � x � �

�����������������

x � �

x � �

sqrt�x���� sqrt��� x y�� y���

� �

�x � � � x y � � y 	

� � � x � � y

�������������������

�

Big �oating point numbers

In Derive
For comparison with other CAS choose from� Axiom �see chapter 
����� Macsyma �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����

� computation with �oating point numbers

� ���������



���

� ������

����

����
��
���

���� $i � ������

��� �� i

����� � �������

� �

�
�� � ���� i

pi

�����������

cos�pi�

COS � 	

��

sin���

SIN ��	

��
�������

� computation with arbitrary number of digits

options� precision� digits �	

pi

������������
�����
�������
������

������������

� should be cos�pi#�� � sqrt���#�

cos�pi���



COS ���

�

��
��������
���
���������������
��������������

$���

�

��
��������
���
���������������
��������������

���

� complex functions

options� precision� digits �	

tan��� � �� $i�

TAN �� � � i	

�������
�� � ���
������� i

log��� � �� $i�

LOG �� � � i	

����������� � ��
���
���� i

����� Polynomials

In Derive
For comparison with other CAS choose from� Axiom �see chapter 
����� Macsyma �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����

Basic operations

In Derive
For comparison with other CAS choose from� Axiom �see chapter 
����� Macsyma �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����

� by default parantheses are not expanded

p �� �a�b�c���

�

P �� �a � b � c	



expand

� � � � � � � � � �

a � � a b � � a c � � a b � �� a b c � � a c � � a b � �� a b c

� � � � � � � �

� �� a b c � � a c � b � � b c � � b c � � b c � c

� derivation

d �� dif�p�a�

d

D �� �� P

da

� � � � � � �

� a � �� a �b � c	 � �� a �b � � b c � c 	 � � b � �� b c � �� b c

�

� � c

d d d � � � � � � � � �

�� �� �� a � � a b � � a c � � a b � �� a b c � � a c � � a b

db db da

� � � � � � � � �

� �� a b c � �� a b c � � a c � b � � b c � � b c � � b c � c

�� a � �� b � �� c

� integration

i �� int�d�a�

I �� D da

� � � � � � � �

a � � a �b � c	 � � a �b � � b c � c 	 � a �� b � �� b c � �� b c

�

� � c 	



� veri�cation

i � p

I � P

� � � � � �

� �b � � b c � � b c � � b c � c 	

� greatest common divisor of polynomials

�a���b�����a���� a b�b���

� �

a � b

�����������������

� �

a � � a b � b

a � b

�������

a � b

g �� �� x������ x��� x����� x������ x�����

f �� g ��� x������ x������� x����� x����� x�������

h �� g ��� x������ x������ x������ x������ x������ x�������

f�h insu�cient memory

Factorization

In Derive
For comparison with other CAS choose from� Axiom �see chapter 
����� Macsyma �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����

� factorization is transformation of a polynomial into a product of polynomials

a���b��

� �

a � b

factor

�a � b	 �a � b	

a���b��

� �

a � b



factor� complex

�a � i b	 �a � i b	

�x�� z�y�� z����� ��x�� y�z�����

� � � � �

�� x y � z � �	 �x z � y z � �	

expand

� � � � � � � � � � � � �

� x y z � x y z � � x y � x z � � x z � y z � � y z � � z �

��

factor

� � � � �

� �x z � y z � �	 �x y � �z � �		

for bigger expressions was insu�cient memory

����� Rational functions

In Derive
For comparison with other CAS choose from� Axiom �see chapter 
����� Macsyma �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����

� integration

w �� int��� a b���� a�� b���a������a�

� �

� a b � � a b

W �� ����������������� da

�

a � �

�

��� � � a � � ���

��� a � � � b LN ����������� � b � LN

� b � ATAN �������� �

� � a � �

� �������������������������� � �������������������������� � �������������

� 
 


���



a � �

����������

���

a � �

�������������

� veri�cation by derivation

dif�w�a��

d

�� W

da

� a b �� a � � b	

� ��������������������������������������

� ��� ���

� � a � �	 �a � � 	 � � a � � 	

by using build the denominator is chosen

� ��� ���

� � a � �	 �a � � 	 � � a � � 	

�

� a � �

�nal result

a b �� a � � b	

�����������������

�

a � �

����� Solving equations

In Derive
For comparison with other CAS choose from� Axiom �see chapter 
���
� Macsyma �see chapter 
���
� Maple �see

chapter 
�
�
� Mathematica �see chapter 
���
� Reduce �see chapter 
���
�

Linear systems

In Derive
For comparison with other CAS choose from� Axiom �see chapter 
���
� Macsyma �see chapter 
���
� Maple �see

chapter 
�
�
� Mathematica �see chapter 
���
� Reduce �see chapter 
���
�

� x � y � � z � �� x � � y � z � �� � x � � y � � z � ��

�� x � y � � z � �� x � � y � z � �� � x � � y � � z � �

�x � ��� y � �� z � ��



Nonlinear equations

In Derive
For comparison with other CAS choose from� Axiom �see chapter 
���
� Macsyma �see chapter 
���
� Maple �see

chapter 
�
�
� Mathematica �see chapter 
���
� Reduce �see chapter 
���
�

� solving polynomial equations

x�� � � x�� � x � �

� �

x � � x � x � �

� ��� ��� ��� � ��� �

x � � ������� � ����� � ����� � ������� � ���

�
 �� �� �
 �

� ��� ��� ��� � ��� � 
�

x � ������� � ����� � ����� � ������� � ��� � i �������

��� ��� ��� ��� � ����

��� � ��� ��� � 
� ���

� ����������� � ����������� � �������

���� ���� ����

� ��� ��� ��� � ��� �

x � ������� � ����� � ����� � ������� � ��� � i

��� ��� ��� ��� �

��� � 
� ��� 
� ��� � ���

����������� � ������� � ������� � �����������

���� ���� ���� ����

� multiple use of inversion functions

LOG�ACOS�ASIN�x������ � b� � ���

���

LOG �ACOS �ASIN �x � b	 � �		

���

x � � �SIN �COS ��	 � �	 � b	

���

x � �SIN �COS ��	 � �	 � b	

����� Analytical operations

In Derive
For comparison with other CAS choose from� Axiom �see chapter 
����� Macsyma �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����



Limits

In Derive
For comparison with other CAS choose from� Axiom �see chapter 
����� Macsyma �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����
lim�sin�x��x�x���

SIN �x	

lim ���������

x��� x

�

lim��� sin�pi x� � sin�� pi x���x���x���

� SIN � x	 � SIN �� x	

lim ���������������������������

x��� �

x

�

�

lim���x������x����x�inf�

� x � �

lim ���������

x�� � x � �

�

���

�

Taylor series

In Derive
For comparison with other CAS choose from� Axiom �see chapter 
����� Macsyma �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����
taylor �$e�x� x� �� ��

x

TAYLOR �e � x� �� �	

� � �

x x x

���� � ���� � ���� � x � �

�� � �

taylor�taylor�$e��x�y�� x� �� ��� y� �� ��



x � y

TAYLOR �TAYLOR �e � x� �� �	� y� �� �	

� �

�y � � y � �	 �x � � x � �	

�������������������������������

�

Summation and Products

In Derive
For comparison with other CAS choose from� Axiom �see chapter 
����� Macsyma �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����
sum�m�� x�m�m���n��

n � m

m x

m��

� � � � n

x �n x � x �� n � � n � �	 � �n � �	 	 x x �x � �	

���������������������������������������������� � �����������

� �

�x � �	 �x � �	

sum�cos��� m��� pi��� n�����m���r�

r �� m � �	

COS �������������

m�� � n � �

� r

SIN ���������

� n � �

�������������������

� SIN ���������

� n � �

product�$e��sin�m x���m���n�

n SIN �m x	

e

m��

COT �x	 � � � � � �� SIN �x		 � COS �x �n � ���		 � �� SIN �x��		

e



Integration

In Derive
For comparison with other CAS choose from� Axiom �see chapter 
����� Macsyma �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����
int�x d�x sin�x��x�

x

x d SIN �x	 dx

x x � x

x SIN �x	 LN �d	 d x COS �x	 d SIN �x	 LN �d	 d

��������������������� � �������������� � �������������������� �

� � � �

LN �d	 � � LN �d	 � � �LN �d	 � �	

x x

� COS �x	 LN �d	 d SIN �x	 d

��������������������� � ����������������

� � � �

�LN �d	 � �	 �LN �d	 � �	

����� Matrices

In Derive
For comparison with other CAS choose from� Axiom �see chapter 
����� Macsyma �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����
x �� 

a�b��
c�d��

a b

X ��

c d

y �� 

u��
v��

u

Y ��

v

det�x�

DET �X	

a d � b c

z �� x�����  y

��

Z �� X Y



d u � b v

�����������

a d � b c

a v � c u

�����������

a d � b c

��x��

�

����

�

X

�

b c � d b �a � d	

��������������������������� � ���������������������������

� � � � � � � �

a d � � a b c d � b c a d � � a b c d � b c

�

c �a � d	 a � b c

� ��������������������������� ���������������������������

� � � � � � � �

a d � � a b c d � b c a d � � a b c d � b c

eigenvalues�

��������
�������
���������

� �� �

EIGENVALUES � � � � e

�� � �

�e � �� e � ��

����� Graphics

In Derive
For comparison with other CAS choose from� Axiom �see chapter 
���� Macsyma �see chapter 
����� Maple �see

chapter 
�
�� Mathematica �see chapter 
���� Reduce �see chapter 
�����

�D Graphics

In Derive
For comparison with other CAS choose from� Axiom �see chapter 
���� Macsyma �see chapter 
����� Maple �see

chapter 
�
�� Mathematica �see chapter 
���� Reduce �see chapter 
�����

� function of one parameter

sin�exp�x�� plot� setting scale and center� plot



� graph of several functions �Bessel functions J�n� x�� n � 	� �� ��

transfer� load� derive� bessel

BESSEL J���z�

BESSEL J���z�

BESSEL J���z� plot� setting scale a center� plot

�D Graphics

In Derive
For comparison with other CAS choose from� Axiom �see chapter 
���� Macsyma �see chapter 
����� Maple �see

chapter 
�
�� Mathematica �see chapter 
���� Reduce �see chapter 
�����

� graph of a function with � parameters

SIN�pi SIN�x��y�

� graph of another function with � parameters

TAN�x y�

Parametric plots

In Derive
For comparison with other CAS choose from� Axiom �see chapter 
���� Macsyma �see chapter 
����� Maple �see

chapter 
�
�� Mathematica �see chapter 
���� Reduce �see chapter 
�����

� parametricaly given surface

transfer� load� derive� graphics

ISOMETRICS�
SIN�v�� SIN�� v� SIN�u�� SIN�� v� COS�u��� u���� pi����v��pi���pi������

ISOMETRICS�
SIN�v�� SIN�� v� SIN�u�� SIN�� v� COS�u��� v��pi���pi������u���� pi����

��� Macsyma

� inputs

outputs

����� Number domains

In Macsyma
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����

Big integers

In Macsyma
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����

� integers of arbitrary size

������

�����������������

��#�




����
�����������������
��������
������������������������������

������������

bi� ���������������

�����
����

� factorization of integers

factor�bi��

�

�� � �� ���

bia� ��������

�������

� integer greatest common divisor

gcd�bi�bia��

��

Rational numbers

In Macsyma

For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Maple �see
chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����

� exact calculation with rational numbers

��������������������

���
����

���������

���
���

rn� ���������������

���

� ����

����



Complex numbers

In Macsyma
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����

� exact calculation with complex numbers

cn� ������i���������i����������i��

�

��� � � �i	 �� �i � �	 � ��������

� � � �i

cn� rectform�cn��

�� �i ���

������ � ���

� �

Algebraic numbers

In Macsyma
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Maple �see

chapter ��� Mathematica �see chapter ��� Reduce �see chapter 
�����

� an algebraic number

algebraic�true�

true

tellrat�sqrt��������

�

�sqrt� � ��

rat����sqrt������

�R� sqrt� � �

ogcd�gcd�

spmod

gcd� algebraic�

algebraic



rat��x������sqrt��x�����x�sqrt����

�R� x � sqrt�

rat��x�����sqrt�����x�������sqrt�����x���sqrt����x��������

�

x � � x � �

�R� ������������

x � sqrt�

gcd�ogcd�

spmod

radcan�sqrt�x������sqrt��x�y���y������

� �

sqrt�� y � � sqrt� x y � x 	

untellrat�sqrt���

��

� multiple algebraic extensions

tellrat�sqrt�������cbrt��������

� �

�cbrt� � �� sqrt� � ��

rat�cbrt������

�R� �

rat�sqrt������

�R� �

rat�cbrt���

�R� cbrt�



rat�sqrt���

�R� sqrt�

radcan�sqrt�x�������sqrt��cbrt���x�����sqrt��cbrt��cbrt�������

� �

sqrt�x � �� sqrt� � � cbrt�	 x � � cbrt� sqrt� � cbrt� � �	

untellrat�sqrt��cbrt���

��

Big �oating point numbers

In Macsyma
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����
rn� � ����������

���

� ����

����

cn� �����i � �������

�� �i � ���

������������

�

� computation with �oating point numbers

b�oat�rn��

� ��
��
������������b��

b�oat�cn��

����b� �i � ��
�b�

b�oat��pi��

������������
�����
�b�

cos�b�oat��pi���



� ���b�

sin���b���


������
�
�
�������b��

� computation with an arbitrary number of digits

fpprec� ��%

b�oat��pi��

������������
�����
�������
������

������������b�

cos�b�oat��pi���

� ���b�

� should be cos�pi#�� � sqrt���#�

cos�b�oat��pi�����


���������
���
���������������
��������������b��

����

��b��

fpprec� ��%

� with normal defaults� under�ows are converted to 	

exp��������������

���

� complex functions

b�oat�rectform�tan���b� � ��b���i����

���
��������
�������b� �i � ������
�����������b��

b�oat�log���b� � ��b���i���

�
���
�������
�����b�� �i � �����������������b��



����� Polynomials

In Macsyma
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����

Basic operations

In Macsyma
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����

� by default� parentheses are not expanded

pol� �a�b�c����

�

�c � b � a	

pol� expand�pol��

� � � � � � � � � �

c � � b c � � a c � � b c � �� a b c � � a c � � b c � �� a b c

� � � � � � � �

� �� a b c � � a c � b � � a b � � a b � � a b � a

� di�erentiation

dpol� di��pol� a��

� � � � � � �

� c � �� b c � �� a c � �� b c � �� a b c � �� a c � � b � �� a b

� �

� �� a b � � a

di��pol� a� �� b� ���

�� c � �� b � �� a

� integration

integrate�dpol� a��

� � � � � � � �

� a c � �� a b c � � a c � �� a b c � �� a b c � � a c � � a b

� � � �

� � a b � � a b � a

� veri�cation

��pol�



� � � � � �

� c � � b c � � b c � � b c � b

� polynomial greatest common divisor

�a���b�����a�����a�b�b����

� �

a � b

���������������

� �

b � � a b � a

ratsimp����

b � a

� �����

b � a

g � ���x�������x����x������x�������x������

�� ��  �

�� x � �� x � � x � �� x � �� x � 
�

f� � g � ����x�������x��������x������x������x��������

�� ��  �

��� x � �� x � � x � �� x � �� x � 
�	

�� � �� 
 �

�� �� x � �� x � �� x � ��� x � �� x � 
�	

f� � g � ����x�������x�������x�������x�������x�������x��������

�� ��  �

��� x � �� x � � x � �� x � �� x � 
�	

�� �� �� �� �� ��

�� x � 
� x � �� x � �� x � �� x � �� x � 
�	

gcd�f��f���

�� ��  �

�� x � �� x � � x � �� x � �� x � 
�



Factorization

In Macsyma

For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Maple �see
chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����

� factorization is the transformation of a polynomial into a product of polynomials

factor�a���b����

� �b � a	 �b � a	

gfactor�a���b����

�b � �i a	 �b � �i a	

fa� expand� �x���z�y���z������ �x�y���z���� ��x���y�z������ �x���y���z��� ��

� 
 �  � 
 �  � � � � � � � � � �

y z � x z � x y z � x y z � x y z � � y z � � z � x y z

� � � � � � � � �� � � � � � 
 � � 
 �

� x y z � x y z � � x z � x y z � x y z � x y z � � x y z

 � � � � � � � � � �  � 
 � �

� � x y z � � x y z � � x y z � � x y z � �� z � x y z � x y z

� � � � � � � � �  �� � � �� � �  �

� x y z � � x y z � � x y z � x y z � � x y z � � x y z

� � � � � � � � � � � � 
 � 

� � x y z � � x y z � �� x y z � �� x y z � x y z � � x y z

 
 � 

� � x y � �� x y

factor�fa��

� � � � � � � � � �

�z � x y � �	 �z � x y 	 �z � x y 	 �y z � x z � �	

Decomposition

In Macsyma

For comparison with other CAS choose from� Axiom �see chapter ��� Derive �see chapter ��� Maple �see chapter

�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����

� decomposing a polynomial into simpler polynomials which when composed� produce the original polynomial

polydecomp�x�����x������x�������x�������x�������x����� x��



�

� � x � �

�x � �� x � ��� x � ���� ������� � x � ��

�

polydecomp�x�����x���y � ��x���y�� � ��x�y�� � y�� � ��x���y ���x�y�� � ��y�� � ��x��
� ��x�y � ��y�� � ��y � �� x��

� � �

x � �� � y � � y � x � ��

��������� ��������������������� y � � x�

� �

Grobner bases

In Macsyma
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter ��� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����

� system of polynomials

polys � 
���p � ���s � ����b � ��� ���p � ���z � ���t � ���s� ���w � ���p�s � ���z � ���t
� ����b��� � ��w � ���p�t � ���z�s� w�p � ��z�t � ���b��� ���w � ���s�b � ��b��� b�� �
������b � ������������

��� s � �� p � ��� b � ��� �� z � �� t � � s � �� p�

�

�� z � �� w � �
 t � �� p s � ��� b � �� s z � � w � �� p t�

� � � �� b ���

� t z � p w � �� b � �� w � �� b s � � b � b � ���� � ������

�� �����

vars � 
w� p� z� t� s� b��

�w� p� z� t� s� b�

� total degree ordering grobner tot order�true�

true

gpolys�grobner�polys�vars��

�R� �� ��� b � ��� s � �� �
�� b � �� t � 
�� � ���� b � ����� w � �����

�

����� b � ���� b � ���

� ����� b � �
��� z � ���
� � ���� b � �
�� p � ��� �������������������������

�����



� solve the Grobner basis solve�gpolys� vars��

��� sqrt���	 �i � ��� �� sqrt���	 �i � ��

��w � � ���������������������� p � ��������������������

����� ���

��� sqrt���	 �i � �� ��
 sqrt���	 �i � ���

z � � ���������������������� t � ����������������������

���� ���

�� sqrt���	 �i � �� �� sqrt���	 �i � ��

s � �������������������� b � ���������������������

�� ���

��� sqrt���	 �i � ��� �� sqrt���	 �i � ��

�w � ���������������������� p � � ��������������������

����� ���

��� sqrt���	 �i � �� ��
 sqrt���	 �i � ���

z � ���������������������� t � � ����������������������

���� ���

�� sqrt���	 �i � �� �� sqrt���	 �i � ��

s � � �������������������� b � � ���������������������

�� ���

����� Rational functions

In Macsyma
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����
rf� ���a�b�����a���b���a������

� �

� a b � � a b

���������������

�

a � �

� integration

integrate�rf� a��

���

a � �

� log���������	

� � ���

� log�a � sqrt��		 b � log�a � sqrt��		 b a � �

� b ���������������������� � ��������������������� � ���������������

� sqrt��	 � sqrt��	 ���

� �

a

� atan�����	

���

�



� ������������	

���

� �

� partial fraction decomposition

partfrac�����x������x�����x���x�����x�� x��

� � �

����� � � � �����

x � � x x � �

����� Solving equations

In Macsyma
For comparison with other CAS choose from� Axiom �see chapter 
���
� Derive �see chapter 
���
� Maple �see

chapter 
�
�
� Mathematica �see chapter 
���
� Reduce �see chapter 
���
�

Linear systems

In Macsyma
For comparison with other CAS choose from� Axiom �see chapter 
���
� Derive �see chapter 
���
� Maple �see

chapter 
�
�
� Mathematica �see chapter 
���
� Reduce �see chapter 
���
�
solve�
��x��x����x���� x����x��x���� ��x����x����x����� 
x�� x�� x����

��x� � � �� x� � �� x� � ���

Nonlinear equations

In Macsyma
For comparison with other CAS choose from� Axiom �see chapter 
���
� Derive �see chapter 
���
� Maple �see

chapter 
�
�
� Mathematica �see chapter 
���
� Reduce �see chapter 
���
�

� using decomposition to solve high degree polynomials

solve�x�����x������x������x�������x�������x�������x�������x���� x��

sqrt�� sqrt�� sqrt��	 � �	 �i � �	 � sqrt��	

�x � � ���������������������������������������������

sqrt��	

sqrt�� sqrt�� sqrt��	 � �	 �i � �	 � sqrt��	

x � ���������������������������������������������

sqrt��	

sqrt�sqrt�� sqrt��	 � �	 �i � �	 � sqrt��	

x � � �������������������������������������������

sqrt��	

sqrt�sqrt�� sqrt��	 � �	 �i � �	 � sqrt��	

x � �������������������������������������������

sqrt��	

sqrt�sqrt�� sqrt��	 � �	 � �	 �i � sqrt��	

x � � �������������������������������������������



sqrt��	

sqrt�sqrt�� sqrt��	 � �	 � �	 �i � sqrt��	

x � �������������������������������������������

sqrt��	

sqrt�� � sqrt�� sqrt��	 � �		 �i � sqrt��	

x � � �������������������������������������������

sqrt��	

sqrt�� � sqrt�� sqrt��	 � �		 �i � sqrt��	

x � �������������������������������������������

sqrt��	

� multiple use of inversion functions

assume�b � ���

�b � ��

solve�log�acos�asin�x�������b�������� x��

� � ��� ��� � �

�x � �b � sin�cos��e 	 � �		 � x � � sqrt�b � sin�cos��e 	 � �		�

forget�b � ��%

����� Analytical operations

In Macsyma
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����

Limits

In Macsyma
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����
limit�sin�x��x� x� ���

�

limit����sin��pi�x� � sin����pi�x���x��� x� ���

�

� �pi

limit����x�������x���� x� �inf��

� �inf � �

����������

� �inf � �



Taylor series

In Macsyma
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����
taylor��e�x� x� �� ���

� � �

x x x

�T� � � x � �� � �� � �� � � � �

� � ��

taylor��e��x�y�� x� �� �� y� �� ���

� � �

y y y y � �

�T� � � y � �� � � � � � ��� � y � � � � � �	 x � ��� � � � � � � � �	 x

� � � � �

� � � �

����

� �

�T� � � � y � � y � � � � � �� y � � y � � � � � �	 x

� �

� �� y � � y � � � � � �	 x � � � �

Summation and Products

In Macsyma
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����
load�nusum��%
closedform�sum�m���x�m� m� �� n���

n � � � � � �

x �n x � �� � n � � n � �	 x � n � � n � �	 x �x � �	

���������������������������������������������������� � ���������

� �

�x � �	 �x � �	

closedform�sum�cos����m�����pi����n����� m� �� r���

r

����

 �pi �� m � �	

� cos��������������	

� � n � �

����

m � �



closedform�product��e��sin�m�x��� m� �� n���

�i n x � �i x

�i �i �e

expt��e� � ������������������������������ � ������������������

�i n x � �i x �i n x �i x

� �e � � �e � �e � �

�i x

�i �e �i

� ������������ � ������������	

�i x �i x

� �e � � � �e � �

closedform�sum�m���m��m���#� m� �� n���

n

� �

� � ��������

�n � �	�

Integration

In Macsyma
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����
integrate�x����a�b�x��p� x��

� � � � � � � � p log�b x � a	

�b �p � � p � �	 x � a b �p � p	 x � � a b p x � � a 	 �e

� � �

b �p � � p � �� p � �	

integrate�x���log�x���a���� x��

� �

� x x � � a x

� � � � �a atan��	 � �����������	

x log�x � a 	 a �

��������������� � ����������������������������

� �

integrate�x�d�x�sin�x�� x��

� � log�d	 x

���log �d	 � log�d		 x � log �d	 � �	 �e sin�x	

� log�d	 x � �

� ��� log �d	 � �	 x � � log�d		 �e cos�x		��log �d	 � � log �d	 � �	



integrate�x�sqrt�a�b�x��p� x��

p log�b x � a	

��������������

� � � �

�b �� p � �	 x � � a b p x � � a 	 �e

�����������������������������������������������������

� �

b �p � � p � 
	

radcan����

p�� � � � �

�b x � a	 ��� b p � � b 	 x � � a b p x � � a 	

����������������������������������������������������

� � � �

b p � � b p � 
 b

integrate���x��e��x����log�x���e��x����x��log�x������log�x����x���� ����x��log�x�����x������log�x����x��
x��

�

� log�x	 x

log�log �x	 � x	 � ����������� � �e log�x	

�

log �x	 � x

Ordinary di�erential equations

In Macsyma
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter ��� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����
ode� di��y� x� � y � sin�x��cos�x� � ��cos�x�� y� x��

y � cos�x	 �tan�x	 � �c	

� Bernoulli equation

ode�x����x���� di��y� x� � ���x�� ����y � x���y��� y� x��

log�x � �	 log�x � �	

���������� � ����������

� �

x �e

y � ��������������������������������������������

� � �

x � � x � x � � x � �� x

sqrt��c � � ��������� � ������������������		

� ��

radcan����



sqrt��	 sqrt�x � �	 x sqrt�x � �	

y � ���������������������������������

�

sqrt�� x � � �c	

ode� di��y� x� ����� di��y� x����y�x�exp�x�� y� x��

x

�� x � �	 �e � � x

y � ������������� � ��k� x � �k�	 �e

�

Substitutions � pattern matching

In Macsyma

For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter ��� Maple �see
chapter ��� Mathematica �see chapter ��� Reduce �see chapter 
�����

matchdeclare�
x� y�� true�%

letsimp��cos�x��cos�y�� �cos�x�y� � cos�x�y�������

cos�y � x	 � cos�y � x	

�����������������������

�

letsimp��cos�x��sin�y�� �sin�x�y� � sin�x�y�������

sin�y � x	 � sin�y � x	

�����������������������

�

letsimp��sin�x��sin�y�� �cos�x�y� � cos�x�y�������

cos�y � x	 � cos�y � x	

�����������������������

�

letsimp��cos�x���� �� � cos���x�������

cos�� x	 � �

������������

�

letsimp��sin�x���� �� � cos���x�������

� � cos�� x	

������������

�

letsimp�expand��a��cos�wt� � a��cos���wt� � b��sin�wt� � b��sin���wt�������



� � � �

b� sin �� wt	 � � a� b� cos�� wt	 sin �� wt	

� � � �

� � b� b� sin�wt	 sin �� wt	 � � a� b� cos�wt	 sin �� wt	

� �

� � a� b� cos �� wt	 sin�� wt	 � � a� b� b� sin�wt	 cos�� wt	 sin�� wt	

� �

� � a� a� b� cos�wt	 cos�� wt	 sin�� wt	 � � b� b� sin �wt	 sin�� wt	

� �

� � a� b� b� cos�wt	 sin�wt	 sin�� wt	 � � a� b� cos �wt	 sin�� wt	

� � � � � �

� a� cos �� wt	 � � a� b� sin�wt	 cos �� wt	 � � a� a� cos�wt	 cos �� wt	

� �

� � a� b� sin �wt	 cos�� wt	 � � a� a� b� cos�wt	 sin�wt	 cos�� wt	

� � � � � �

� � a� a� cos �wt	 cos�� wt	 � b� sin �wt	 � � a� b� cos�wt	 sin �wt	

� � � �

� � a� b� cos �wt	 sin�wt	 � a� cos �wt	

declare�int� linear�%

matchdeclare�p� is�di��p� x� � ���%

tellsimp�int�x�p� x�� x��p�����p�����

�intrule�� simpargs��

tellsimp�int��� x�� x��

�intrule�� intrule�� simpargs��

int�a���b�a�b���a��� a��

b � � � �

a a b � a

������ � ���� � ���� � � a

b � � � �

int�a��a���� a��

a � �

a

������

a � �



����� Matrices

In Macsyma
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Maple �see

chapter 
�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����
xx� matrix�
a��� a���� 
a��� a�����

� a�� a�� �

� �

� a�� a�� �

yy� matrix�
y��� 
y����

� y� �

� �

� y� �

determinant�xx��

a�� a�� � a�� a��

zz� xx������yy�

� a�� y� a�� y� �

� ����������������� � ����������������� �

� a�� a�� � a�� a�� a�� a�� � a�� a�� �

� �

� a�� y� a�� y� �

� ����������������� � ����������������� �

� a�� a�� � a�� a�� a�� a�� � a�� a�� �

xx�������

� � �

� a�� a�� a�� �

� �������������������� � �������������������� �

� � � �

Col � � � �a�� a�� � a�� a��	 �a�� a�� � a�� a��	 �

� �

� a�� a�� a�� a�� �

� � �������������������� � �������������������� �

� � � �

� �a�� a�� � a�� a��	 �a�� a�� � a�� a��	 �

� a�� a�� a�� a�� �

� � �������������������� � �������������������� �

� � � �

� �a�� a�� � a�� a��	 �a�� a�� � a�� a��	 �

Col � � � �

� � �

� a�� a�� a�� �

� �������������������� � �������������������� �

� � � �



� �a�� a�� � a�� a��	 �a�� a�� � a�� a��	 �

factor����

� � �

� a�� � a�� a�� a�� �a�� � a��	 �

� �������������������� � �������������������� �

� � � �

� �a�� a�� � a�� a��	 �a�� a�� � a�� a��	 �

� �

� � �

� a�� �a�� � a��	 a�� a�� � a�� �

� � �������������������� �������������������� �

� � � �

� �a�� a�� � a�� a��	 �a�� a�� � a�� a��	 �

v � matrix�
�� ��� ��� 
�� �� ��� 
��� �� ����

� � � � � �

� �

� � � � �

� �

� � � � � �

eigenvectors�v��

���� �� ���� �� ����� ��� �� ���� �� �����

����� Code generation

In Macsyma
For comparison with other CAS choose from� Axiom �see chapter ��� Derive �see chapter ��� Maple �see chapter

��� Mathematica �see chapter ��� Reduce �see chapter 
����

� package gentran

gentranout �"gentst macf"��

gentst$mac�f

m � matrix� 
 ���COS�Q���COS�Q���M���P�� � ��SIN�Q�����P���M�� � SIN�Q�����J��Y �
SIN�Q�����J��Z � P���M�� � ���P���M�� � J��Y � J��Y� ��COS�Q���COS�Q���M���P��
� SIN�Q�����J��Y � SIN�Q�����J��Z � ��SIN�Q�����M���P�� � J��Y � ��M���P��� ���SIN�Q���SIN�Q��
��


 ��COS�Q���COS�Q���M���P�� � SIN�Q�����J��Y � SIN�Q�����J��Z � ��SIN�Q�����M���P��
� J��Y � ��M���P��� �SIN�Q�����J��Y � SIN�Q�����J��Z � ��SIN�Q�����M���P�� � J��Y
� ��M���P��� � ��


 ���SIN�Q���SIN�Q���M���P��� �� ��M���P�� � J��X � ��

� � � �

matrix��� � m�� p sin �q�	 � j��z sin �q�	 � j��y sin �q�	



� � �

� �
 m�� p cos�q�	 cos�q�	 � �
 m�� p � m�� p � j��y � j��y�

� � � � �

� � m�� p sin �q�	 � j��z sin �q�	 � j��y sin �q�	 � � m�� p cos�q�	 cos�q�	

� �

� � m�� p � j��y� � � m�� p sin�q�	 sin�q�	��

� � � � �

�� � m�� p sin �q�	 � j��z sin �q�	 � j��y sin �q�	 � � m�� p cos�q�	 cos�q�	

� � � � �

� � m�� p � j��y� � � m�� p sin �q�	 � j��z sin �q�	 � j��y sin �q�	

� � �

� � m�� p � j��y� ��� �� � m�� p sin�q�	 sin�q�	� �� � m�� p � j��x�	

� we know that matrix m is symmetric� We wish to generate FORTRAN code to compute numerical values for
matrix m� and its inverse matrix� minv�

mm � copymatrix�m�%

gentran� literal� "C"� cr� "C ! Calculate Matrix Values !"� cr� "C"� cr � ��

gentst$mac�f

for i�� thru � do for j�i thru � do gentran� m
eval�i��eval�j�� � eval�m
i�j�� �%

gentran� literal� "C"� cr� "C ! Assign Non�Zero Matrix Values to Temporary "� "Variables
!"� cr� "C"� cr � ��

gentst$mac�f

for i�� thru � do for j�i thru � do if m
i�j�$� then � var � tempvar�false�� markvar�var�� m
i�j� �
var� m
j�i� � var� gentran� eval�var� � m
eval�i��eval�j�� � �%

� matrix m contains m�

� t� t� t� �

� �

� t� t� � �

� �

� t� � t� �



minv � m������%

gentran� literal� "C"� cr� "C ! Calculate Inverse Matrix Values !"� cr� "C"� cr � ��

gentst$mac�f

for i�� thru � do for j�i thru � do gentran� minv
eval�i��eval�j�� � eval�minv
i�j�� �%

gentran� literal� "C"� cr� "C ! Copy Entries Across Main Diagonals !"� cr� "C"� cr �� for i��
thru � do for j�i�� thru � do � m
j�i� � m
i�j�� minv
j�i� � minv
i�j� � ��

gentst$mac�f

gentranshut �"gentst macf"��

true

Generated FORTRAN program

Generated program

C

C ��� Calculate Matrix Values ���

C

M����	�����M���P����SIN�Q�	���	�J��Z�SIN�Q�	�����J��Y�SIN�Q�	���	�

� �
�M���P����COS�Q�	�COS�Q�	��
�M���P����M���P����J��Y�J��Y

M����	�����M���P����SIN�Q�	���	�J��Z�SIN�Q�	�����J��Y�SIN�Q�	���	�

� ��M���P����COS�Q�	�COS�Q�	���M���P����J��Y

M����	�����M���P����SIN�Q�	�SIN�Q�		

M����	�����M���P����SIN�Q�	���	�J��Z�SIN�Q�	�����J��Y�SIN�Q�	���	�

� ��M���P����J��Y

M����	��

M����	���M���P����J��X

C

C ��� Assign Non�Zero Matrix Values to Temporary Variables ���

C

T��M����	

T��M����	

T��M����	

T��M����	

T��M����	

C

C ��� Calculate Inverse Matrix Values ���

C

MINV����	��T��T�	���T��T��T����	�T���T�����T�		



MINV����	����T��T�	���T��T��T����	�T���T�����T�			

MINV����	����T��T�	���T��T��T����	�T���T�����T�			

MINV����	��T��T��T����	���T��T��T����	�T���T�����T�		

MINV����	��T��T�	���T��T��T����	�T���T�����T�		

MINV����	��T��T��T����	���T��T��T����	�T���T�����T�		

C

C ��� Copy Entries Across Main Diagonals ���

C

DO ����� I����

DO ����� J�I����

M�J�I	�M�I�J	

MINV�J�I	�MINV�I�J	

����� CONTINUE

����� CONTINUE

���� Graphics

In Macsyma

For comparison with other CAS choose from� Axiom �see chapter 
���� Derive �see chapter 
���� Maple �see
chapter 
�
�� Mathematica �see chapter 
���� Reduce �see chapter 
�����

�D Graphics

In Macsyma

For comparison with other CAS choose from� Axiom �see chapter 
���� Derive �see chapter 
���� Maple �see
chapter 
�
�� Mathematica �see chapter 
���� Reduce �see chapter 
�����

� function of one parameter

plot�sin��e�x�� x� �� �pi� "Time"� "Signal"� false��

� graph of several functions �Bessel functions J�n� x�� n � 	� �� ��

plot�
bessel j
���x�� bessel j
���x�� bessel j
���x��� x� �� ��� false� "Value"� "Bessel Functions
BesselJ�n� x�"��

�D Graphics

In Macsyma

For comparison with other CAS choose from� Axiom �see chapter 
���� Derive �see chapter 
���� Maple �see
chapter 
�
�� Mathematica �see chapter 
���� Reduce �see chapter 
�����

� graph of a function with � parameters

plot�d�sin��pi�sin�x�y��� x� ��� �� y� ��� ���

� graph of another function with � parameters

plot�d�tan�x�y�� x� ������pi� �����pi� y� ������pi� �����pi��

Parametric plots

In Macsyma

For comparison with other CAS choose from� Axiom �see chapter 
���� Derive �see chapter 
���� Maple �see
chapter 
�
�� Mathematica �see chapter 
���� Reduce �see chapter 
�����

� surface de�ned parametrically

plotsurf�

sin�v�� sin���v��sin�u�� sin���v��cos�u���� u� �� ���pi� v� ��pi��� �pi����



Contour maps

In Macsyma
For comparison with other CAS choose from� Axiom �see chapter ��� Derive �see chapter ��� Maple �see chapter


�
�� Mathematica �see chapter 
���� Reduce �see chapter 
�����

� contour map of a function with � parameters

contourplot�sin�x � cos�y��� x� �� �����pi� y� �� �����pi��

� contour map of another function with � parameters

contourplot�tan�x�y�� x� ��pi� �pi� y� ��pi� �pi��

� contour map of yet another function with � parameters

contourplot��e���sqrt�x�� � y�����cos�atan�x�y��� x� ��� �� y� ��� ���

����	 Graphical presentation of formulas

In Macsyma
For comparison with other CAS choose from� Axiom �see chapter ��� Derive �see chapter ��� Maple �see chapter


�
��� Mathematica �see chapter 
����� Reduce �see chapter 
�����

��� Maple

� inputs

outputs

����� Number domains

In Maple
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Mathematica �see chapter 
����� Reduce �see chapter 
�����

Big integers

In Maple
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Mathematica �see chapter 
����� Reduce �see chapter 
�����

� integers of arbitrary size

������

�����������������

��#�


����
�����������������
��������
����������������������������� 

�������������

bi �� ���������������

bi �� �����
����



� factorization of integers

ifactor� bi ��

�

���	 ��	 ���	 ����	

bia �� ��������

bia �� �������

� greatest common divisor of integers

gcd� bi� bia ��

��

Rational numbers

In Maple

For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see
chapter 
����� Mathematica �see chapter 
����� Reduce �see chapter 
�����

� precise calculation with rational numbers

���������� � ���������

���
����

���������

���
���

rn �� ���������������

���

rn �� � ����

����

Complex numbers

In Maple

For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see
chapter 
����� Mathematica �see chapter 
����� Reduce �see chapter 
�����

� precise calculation with complex numbers

cn �� �����I��������I���������I��

cn �� ����� � ���� I



Big �oating point numbers

In Maple
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Mathematica �see chapter 
����� Reduce �see chapter 
�����
rn �� � ����������

���

rn �� � ����

����

cn �� �����I � �������

cn �� ����� � ���� I

� computation with �oating point numbers

evalf� rn ��

���
��
���

evalf� cn ��

�
��������� � ����������� I

Pi�

Pi

evalf� Pi ��

�����������

evalf� cos� Pi � ��

���

sin� � ��

� computation with arbitrary number of digits

evalf� rn� �� ��

���
��
������������



Digits �� ���

Digits �� ��

evalf� Pi ��

������������
�����
�������
������

������������

� should be cos�pi#�� � sqrt���#�

evalf� cos� Pi� ��� ����

��
��������
���
���������������
��������������

"���

�����������

Digits �� ���

Digits �� ��

� under�ow gives an error

exp��������������

Error� �in evalf�exp�general	 argument too large

� complex functions

tan��� � I ��

�������
�� � ���
������ I

log� �� � I ��

����������� � �
���
���� I

����� Polynomials

In Maple
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Mathematica �see chapter 
����� Reduce �see chapter 
�����



Basic operations

In Maple
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Mathematica �see chapter 
����� Reduce �see chapter 
�����

� by default parantheses are not expanded

pol �� �a�b�c����

�

pol �� �a � b � c	

expand� pol ��

� � � � � � � �

�� a b c � �� a b c � �� a b c � a � b � c � � a b � � a c

� � � � � � � � � �

� � a b � � a c � � a b � � a c � � b c � � b c � � b c

� derivation

dpol �� di�� expand� pol �� a ��

� � � � �

dpol �� �� a b c � �� b c � �� b c � � a � �� a b � �� a c

� � � �

� �� a b � �� a c � � b � � c

di�� pol� a� b� b ��

�� a � �� b � �� c

� integration

int� dpol� a ��

� � � � � � � �

�� a b c � �� a b c � �� a b c � a � � a b � � a c � � a b

� � � �

� � a c � � a b � � a c

� veri�cation

simplify� " � pol ��

� � � � � �

� b � c � � b c � � b c � � b c



� greatest common divisor of polynomials

�a���b�����a�����a�b � b����

� �

a � b

���������������

� �

a � � a b � b

simplify� " ��

a � b

�����

a � b

g �� ���x��� � ���x��� � ���x�� � ���x�� � ���x � ���

�� ��  �

g �� �� x � �� x � � x � �� x � �� x � 
�

f� �� expand� g�����x��� � ���x��� � ����x�� � ���x�� � ���x��� � ��� ��

 �� �� �

f� �� �� x � ��� x � ���� x � ��� x � ���� x � ����

�� � 
 � �� ��

� ���� x � �
�� x � ���� x � ���� x � ��� x � ��� x

�� � �� � �� ��

� �� x � ��
� x � ��
� x � ��� x � ���� x � ��� x

�� � �� �� �� ��

� ���� x � ��� x � ��
� x � ��� x � 

�� x � ���� x

� � �� �� �
 �

� ���� x � ��
� x � ���� x � �
�� x � ���� x � ����� x

� ��

� ��
� x � ���� x

f� �� expand� g�����x��� � ���x��� � ���x��� � ���x��� � ���x��� � ���x��� � ��� ��

 �� �� � ��

f� �� � �� x � ��� x � ���� x � ��� x � ���� x � ���� x

�� �� � �� � ��

� ��� x � ��� x � ���
 x � ���� x � �
�� x � ��� x

� �� �� �� �� ��

� ���� x � ���� x � ���� x � ���� x � ���� x � ��� x



�� �� �� �� �
 �

� ��
 x � ���� x � 
�� x � ��
� x � �
 x � �
�� x

�� �� �
 �� �� ��

� �
�� x � ���� x � ��� x � ��� x � ��� x � ���� x

�� �� � �
 �� ��

� ���� x � �
�� x � �
� x � ��� x � ��
� x � ���� x

� ����

gcd� f�� f� ��

�� ��  �

�� x � �� x � � x � �� x � �� x � 
�

Factorization

In Maple
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Mathematica �see chapter 
����� Reduce �see chapter 
�����

� factorization is transformation of a polynomial into a product of polynomials

factor� a�� � b�� ��

�a � b	 �a � b	

factor� a�� � b�� ��

� �

a � b

factor� a�� � b��� I ��

�a � I b	 �a � I b	

fa �� expand� �x��� z � y��� z�� � �� � �x� y�� � z���

� ��x��� y � z�� � �� � � x��� y�� � z��� ��

� � � � 
  � �� � � 
 � � �� � 

fa �� � x z y � y z � y z x � y z x � y z x � y z x

� � � � � � � � � � 
 � �

� � x z y � � x z � x z y � x z y � x z y

�  � � � � �  � � � � 


� � x z y � x z y � x z y � x z y � x z y



� �  � � � � � � � �� � �

� �� x y z � � y z x � y z x � y z x � � y z x

�   
 � � � � � � � �

� �� x y � � x y � �� z x y � � z x y � � z x y

� � � � � �  � � � � 
 � �

� � z x y � � x y z � � x y z � � x y z � � y z x


 � � � � �  � �

� y z x � � z � �� z � x z � � y z

factor� fa ��

� � � � � � � � � �

� �x z � y z � �	 �x y � z 	 �x y � z 	 �� z � � � x y	

Decomposition

In Maple
For comparison with other CAS choose from� Axiom �see chapter ��� Derive �see chapter ��� Macsyma �see

chapter 
����� Mathematica �see chapter 
����� Reduce �see chapter 
�����

� �nding of polynomial substitution which transforms a polynomial into another polynomial in further polyno�
mials

readlib� compoly ��

compoly� x�� � ��x�� � ���x�� � ����x�� � ����x�� � ����x � ���� x ��

� �� �

x � ���� � ��� x� x � ���� � � x � x

�

compoly� x�� � ��x��� y � ��x��� y�� � ��x� y�� � y�� � ��x��� y � ��x� y�� � ��y�� �
��x�� � ��x�y � ��y�� � ��y � �� x ��

� � �

x � ����� x � y � y � ��� � y x � x

Grobner bases

In Maple
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter ��� Macsyma �see

chapter 
����� Mathematica �see chapter 
����� Reduce �see chapter 
�����

� moduls groebner and gbasis dealing with Grobner bases

with� grobner� gbasis ��

�gbasis�



polys �� 
 ���p � ���s � ����b � ��� ���p � ���z � ���t � ���s� ���w � ���p�s � ���z � ���t
� ����b��� ���w � ���p�t � ���z�s� w�p � ��z�t � ���b��� ���w � ���s�b � ��b��� b�� �
������b � ���������� � �

polys �� ��� p � �� s � ��� b � ��� �� p � �� z � �� t � � s�

�

�� w � �� p s � �� z � �
 t � ��� b � � � w � �� p t � �� z s�

� � � �� ���

w p � � z t � �� b � �� w � �� s b � � b � b � ���� b � ������

�� �����

vars �� 
 w� p� z� t� s� b ��

vars �� �w� p� z� t� s� b�

gbasis� polys� vars� tdeg ��

��
�� p � ���� b � ��� �
��� z � ����� b � ���
�

�

����� w � ���� b � ����� ����� b � ���� b � ����

�� t � �
�� b � 
�� � ��� b � � � ��� s�

����� Rational functions

In Maple
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Mathematica �see chapter 
����� Reduce �see chapter 
�����

� integration

int� ���a�b�� � ��a��� b� � �a�� � ��� a ��

� ���

� ��� � � � a � ��� ���

��
 b � ln��������������	 � ��� b � arctan���� a � 	

� ���

� � � a �

���

��� a � �

� ��
 b � ln���������	

���

a � �

� veri�cation by derivation

di�� "� a ��



� ��� � ��� ��� 

� ��� ! a � �� � � a � 	 a � ! � ���

b � !� ������������� � � ����������������������! �� � � a � 	

! � ��� � ��� � !

 � � � a � �� � � a � 	 �

� ���

� � � a �

���

b �

� ��� ���������������

� ���

� � ��� a �

� ���  

��� ! � a � � ! ���

b � !�������� � �����������! �a � � 	

! ��� ��� �!

 a � � �a � � 	 �

� ��
 ������������������������������������������

���

a � �

simplify� " ��

���

�� a � � b	 b � a

� �����������������������������������

� ��� ��� ���

�� � a � 	 �a � � 	 �a � � 	

simplify�numer�"��expand�denom�"����

�� a � � b	 b a

� ���������������

�

a � �

� partial fraction decomposition

convert�����x��� ���x� �� � �x��� x��� ��x��parfrac�x��

� �

��x � ����� � �����

x � � x � �

����� Solving equations

In Maple
For comparison with other CAS choose from� Axiom �see chapter 
���
� Derive �see chapter 
���
� Macsyma �see

chapter 
���
� Mathematica �see chapter 
���
� Reduce �see chapter 
���
�



Linear systems

In Maple
For comparison with other CAS choose from� Axiom �see chapter 
���
� Derive �see chapter 
���
� Macsyma �see

chapter 
���
� Mathematica �see chapter 
���
� Reduce �see chapter 
���
�
solve� ��x� � x� � ��x� � � � �� x� � ��x� � x� � � � �� ��x� � ��x� � ��x� � � � �� x�� x��

x� ��

"x� � ��� x� � �� x� � �#

Nonlinear equations

In Maple
For comparison with other CAS choose from� Axiom �see chapter 
���
� Derive �see chapter 
���
� Macsyma �see

chapter 
���
� Mathematica �see chapter 
���
� Reduce �see chapter 
���
�

� using decompositioni for solving high degree polynomials

solve� x�� � ��x�� � ���x�� � ���x�� � ����x�� � ����x�� � ����x�� � ����x � �� ��

��� ��� ��� ���

� � ��� � �� � � ��	 � � � ��� � �� � � ��	 �

��� ��� ��� ���

� � ��� � �� � � ��	 � � � ��� � �� � � ��	 �

��� ��� ��� ���

� � ��� � �� � � ��	 � � � ��� � �� � � ��	 �

��� ��� ��� ���

� � ��� � �� � � ��	 � � � ��� � �� � � ��	

��� ���

�� �� �� � � � � 	

��� ���

�� �� �� � � � � 	

� multiple use of inversion functions

solve� log� arccos� arcsin�x�������b�� ��� � � ��

� �

"x �  $XX� � b � � sin�cos�exp���		 � �	 �  $XX� #

Nonlinear systems

In Maple
For comparison with other CAS choose from� Axiom �see chapter 
���
� Derive �see chapter ��� Macsyma �see

chapter ��� Mathematica �see chapter 
���
� Reduce �see chapter 
���
�

� polynomial systems by the use of �see chapter���

solve� alpha� c� � beta� c��� � gamma� c��c� � epsilon� c� � �� �gamma� c��c� � �ep�
silon�theta�� c� � eta� c� � �� gamma� c��c� � eta� c� � �epsilon�theta�� c� � � �c��c��c���



"c� � c��

c� �

c� �� epsilon alpha � c� epsilon beta � theta alpha � c� theta beta	

� ��������������������������������������������������������������������

� eta epsilon � c� theta gamma

�

c� �

�

c� �� alpha eta � beta c� eta � gamma c� alpha � gamma c� beta	

� ����������������������������������������������������������������

� eta epsilon � c� theta gamma

#

����� Analytical operations

In Maple
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Mathematica �see chapter 
����� Reduce �see chapter 
�����

Limits

In Maple
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Mathematica �see chapter 
����� Reduce �see chapter 
�����
limit� sin�x� � x� x � � ��

�

limit� ���sin�Pi�x�� sin���Pi�x� � � x��� x � � ��

�

� Pi

limit� ���x � �� � ���x � ��� x � in	nity ��

���

Taylor series

In Maple
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Mathematica �see chapter 
����� Reduce �see chapter 
�����
series� E�x� x��� � ��

� � � �

� � x � ��� x � ��� x � ���� x � O�x 	



series� E��x�y�� x��� ���

� �

exp�y	 � exp�y	 x � ��� exp�y	 x � O�x 	

series� "� y��� � ��

O��	

Summation and Products

In Maple
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Mathematica �see chapter 
����� Reduce �see chapter 
�����
sum� m�� � x�m� m��n ��

�n � �	 � � � �

x �� � �n � �	 x � � �n � �	 x � x � x � �n � �	 x

� � � � x �x � �	

� � �n � �	 x � �n � �	 	 � �x � �	 � ���������

� �

�x � �	

sum� cos� ���m���� Pi � ���n��� �� m��r ��

Pi �r � �	 Pi � Pi �r � �	

� cos�����������	 �� � cos��������	 sin�����������	

� n � � � n � � � n � �

Pi Pi �r � �	 Pi Pi �r � �	

� � cos��������	 cos�����������	 sin��������	 � sin�����������		

� n � � � n � � � n � � � n � �

� Pi Pi

� sin��������	 � cos��������	

� � n � � � n � �

simplify� " ��

Pi �r � �	 Pi � Pi �r � �	

�� cos�����������	 cos��������	 sin�����������	

� n � � � n � � � n � �

Pi Pi �r � �	 � Pi

� � cos��������	 cos�����������	 sin��������	

� n � � � n � � � n � �

Pi �r � �	 Pi �r � �	 Pi Pi

� cos�����������	 sin�����������	 � cos��������	 sin��������		

� n � � � n � � � n � � � n � �



� Pi

� sin��������	

� � n � �

product� exp� sin�m�x� �� m��n ��

�exp�

� sin��n � �	 x	 cos�x	 � sin��n � �	 x	 � cos��n � �	 x	 sin�x	

��� ����������������������������������������������������������������

cos�x	 � �

� sin�x	

		 � exp���� ����������	

� cos�x	 � �

Integration

In Maple
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Mathematica �see chapter 
����� Reduce �see chapter 
�����
int� x�� � �a�b�x��p� x��

� p � p

a �a � b x	 a p x �a � b x	

� ������������������������� � � �������������������������

� � � � � �

b �p � � p � �� p � �	 b �p � � p � �� p � �	

� p � p

p a x �a � b x	 x �a � b x	

� ����������������� � �������������

� p � �

b �p � � p � �	

simplify� " ��

p � � � � � � � � � � �

�a � b x	 �p a x b � x b p � p a x b � � a p x b � � x b p

� � � � �

� � a � � x b 	 � ��p � �	 �p � �	 �p � �	 b 	

�

int� x��� log�x�� � a���� x��

� � � � � �

��� x ln�x � a 	 � ��� a x � ��� x � ��� a arctan�x�a	

int� x� d�x � sin�x�� x ��



x � � x

x d tan���� x	 �� � ln�d	 � �	 d tan���� x	

����������������� � ������������������������������

� � �

ln�d	 � � �ln�d	 � �	

x x � x

ln�d	 x d tan���� x	 ln�d	 d tan���� x	 x d

� � ��������������������� � � �������������������� � ����������

� � � �

ln�d	 � � �ln�d	 � �	 ln�d	 � �

x

ln�d	 d � �

� � �������������	 � �� � tan���� x	 	

� � �

�ln�d	 � �	

simplify� " ��

�

� �� � ln�d	 cos�x	 � x cos�x	 ln�d	 � x cos�x	 � sin�x	

� � x

� ln�d	 x sin�x	 � ln�d	 x sin�x	 � sin�x	 ln�d	 	 d

� � �

� �ln�d	 � � ln�d	 � �	

�

int� x� sqrt�a � b�x��p� x ��

�

! ��� p

! x ��a � b x	 	 dx

!

�

int� ��x� exp�x���� log�x�� exp�x����x � �log�x������log�x����x��� � ����x�� log�x�� ���x�����
�log�x����x�� x ��

� ln�x	 �

exp�x 	 ln�x	 � ���������� � ln�ln�x	 � x	

�

ln�x	 � x

Ordinary di�erential equations

In Maple
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter ��� Macsyma �see

chapter 
����� Mathematica �see chapter 
����� Reduce �see chapter 
�����
dsolve� di��y�x��x� � y�x��sin�x��cos�x� � ��cos�x� � �� y�x� ��



y�x	 � sin�x	 � cos�x	  $C�

� Bernoulli equation

dsolve� x����x���� di��y�x��x� � ���x������ y�x� � x��� y�� � �� y�x���

�

� � x � �  $C�

����� � ��� �������������

� � �

y�x	 x �� � � x 	

solve� "� y�x� ��

��� �  � ���

� x �� � x � � x � �  $C� � �  $C� x 	

���������������������������������������������

�

� � x � �  $C�

��� �  � ���

� x �� � x � � x � �  $C� � �  $C� x 	

� ��������������������������������������������

�

� � x � �  $C�

dsolve� di��y�x��x�x� � �� di��y�x��x� � ��y�x� � x� exp�x� � ��y�x���

y�x	 � ��� x exp�x	 � ��� exp�x	 �  $C� exp�� � x	 �  $C� exp�� � x	 x

����� Matrices

In Maple

For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see
chapter 
����� Mathematica �see chapter 
����� Reduce �see chapter 
�����

xx �� array� 

a���a���� 
a���a���� ��

� a�� a�� �

xx �� � �

� a�� a�� �

yy �� array� 
y��y�� ��

yy �� � y�� y� �

evalm� xx����� � yy��



a�� y� � a�� y� a�� y� � a�� y�

� ������������������ � ����������������� �

a�� a�� � a�� a�� a�� a�� � a�� a��

with�linalg��
det� xx ��

a�� a�� � a�� a��

evalm� xx����� ��

� � �

� a�� � a�� a�� a�� �a�� � a��	 �

� �������������������� � �������������������� �

� � � �

� �a�� a�� � a�� a��	 �a�� a�� � a�� a��	 �

� �

� � �

� a�� �a�� � a��	 a�� a�� � a�� �

� � �������������������� �������������������� �

� � � �

� �a�� a�� � a�� a��	 �a�� a�� � a�� a��	 �

eigenvals� 

�������� 
������� 
�������� ��

�� �� �

����� Graphics

In Maple
For comparison with other CAS choose from� Axiom �see chapter 
���� Derive �see chapter 
���� Macsyma �see

chapter 
����� Mathematica �see chapter 
���� Reduce �see chapter 
�����

�D Graphics

In Maple
For comparison with other CAS choose from� Axiom �see chapter 
���� Derive �see chapter 
���� Macsyma �see

chapter 
����� Mathematica �see chapter 
���� Reduce �see chapter 
�����

� function of one parameter

� graph of several functions �Bessel functions J�n� x�� n � 	� �� ��

�D Graphics

In Maple
For comparison with other CAS choose from� Axiom �see chapter 
���� Derive �see chapter 
���� Macsyma �see

chapter 
����� Mathematica �see chapter 
���� Reduce �see chapter 
�����

� graph of a function with � parameters

� graph of another function with � parameters



Parametric plots

In Maple
For comparison with other CAS choose from� Axiom �see chapter 
���� Derive �see chapter 
���� Macsyma �see

chapter 
����� Mathematica �see chapter 
���� Reduce �see chapter 
�����

� parametricaly given surface

Contour maps

In Maple
For comparison with other CAS choose from� Axiom �see chapter ��� Derive �see chapter ��� Macsyma �see

chapter 
����� Mathematica �see chapter 
���� Reduce �see chapter 
�����

� map of a function with � parameters

� map of another function with � parameters

� map of further function with � parameters

� map of transformation of cartesian coordinate grid by a complex function

Polytopes

In Maple
For comparison with other CAS choose from� Axiom �see chapter ��� Derive �see chapter ��� Macsyma �see

chapter ��� Mathematica �see chapter 
���� Reduce �see chapter ���

� graphical presentation of polyhedrons

���� Graphical presentation of formulas

In Maple
For comparison with other CAS choose from� Axiom �see chapter ��� Derive �see chapter ��� Macsyma �see

chapter 
����� Mathematica �see chapter 
����� Reduce �see chapter 
�����

��� Mathematica

� inputs

outputs

����� Number domains

In Mathematica
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Maple �see chapter 
�
��� Reduce �see chapter 
�����

Big integers

In Mathematica
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Maple �see chapter 
�
��� Reduce �see chapter 
�����

� integers of arbitrary size

�����

�����������������



��#


����
�����������������
��������
����������������� 

�������������������������

Factorial
 �� �


����
�����������������
��������
����������������� 

�������������������������

bi � ��������������

�����
����

� factorization of integers

FactorInteger
 bi �

""��� �#� "�� �#� "��� �#� "���� �##

bia � �������

�������

� greatest common divisor of integers

GCD
 bi� bia �

��

Rational numbers

In Mathematica
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Maple �see chapter 
�
��� Reduce �see chapter 
�����

� precise calculation with rational numbers

�������������������

���
����

���������

���
���

rn � ��������������

���

������	

����



Complex numbers

In Mathematica
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Maple �see chapter 
�
��� Reduce �see chapter 
�����

� precise calculation with complex numbers

cn � ����I�������I��������I�

��� �� I

��� � �����

� �

Big �oating point numbers

In Mathematica
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Maple �see chapter 
�
��� Reduce �see chapter 
�����
rn � � ���������

���

������	

����

cn � �����I � ������

��� �� I

��� � �����

� �

� computation with �oating point numbers with arbitrary number of digits

N
 rn� �� �

����
��
������������

N
 cn� �� �

�
�� � ���� I

N
 Pi� �� �

������������
�����
�������
������

����

Cos
Pi�

��

N
 Sin
��� �� �

��
�����
�
�
�������



� should be cos�pi#�� � sqrt���#�

N
 Cos
Pi���� �� �

��
��������
���
���������������
��������������

���

���

� complex functions

Tan
�� � ��I�

������ � ���
��� I

Log
N
������I�

������������������
�������� �

��
���
�������
���������
��
� I

Precision
��

��

N
 Log
N
����� � I�� �� �

������������������
���������

�
���
 �

��
���
�������
���������
��
��
������� I

Precision
��

��

����� Polynomials

In Mathematica
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Maple �see chapter 
�
��� Reduce �see chapter 
�����

Basic operations

In Mathematica
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Maple �see chapter 
�
��� Reduce �see chapter 
�����

� by default parantheses are not expanded

pol �� �a�b�c���

Expand
 pol �



� � � � � � �

a � � a b � � a b � � a b � b � � a c �

� � � � � �

�� a b c � �� a b c � � b c � � a c � �� a b c �

� � � � �

� b c � � a c � � b c � c

� derivation

dpol � D
 Expand
pol�� a �

� � � � �

� a � �� a b � �� a b � � b � �� a c � �� a b c �

� � � �

�� b c � �� a c � �� b c � � c

D
 pol� a� b� � �

�� �a � b � c	

� integration

Integrate
 dpol� a �

� � � � �

a � � a �b � c	 � � a �b � c	 � � a �b � c	

� veri�cation

� � pol

� � � � �

a � � a �b � c	 � � a �b � c	 � � a �b � c	 �

�

�a � b � c	

Expand
��

� � � � � �

�b � � b c � � b c � � b c � c

� greatest common divisor of polynomials

�a���b�����a���� a b�b���

� �

a � b

���������������

� �

a � � a b � b



Simplify
��

a � b

�����

a � b

g �� �� x��� � �� x��� � �� x�� � �� x�� � �� x � ��

f� �� g ��� x��� � �� x��� � ��� x�� � �� x�� � �� x��� � ���

f�

�  �� ��

��
� � �� x � �� x � � x � �� x � �� x 	

� 
 �� � ��

��
� � �� x � ��� x � �� x � �� x � �� x 	

f� � Expand
��

� � � 

���� � �� x � ���� x � ���� x � ��
� x � ��� x �


 � �� �� ��

���� x � ����� x � ���� x � ���� x � 

�� x �

�� �� �� �� �

���� x � ��� x � ���� x � ��
� x � ��
� x �

�� �� � �� �

���� x � �
�� x � ��
� x � ��
� x � �
�� x �

�
 �� �� �� ��

���� x � ���� x � ��� x � ��� x � ��� x �

�� �� �� � �

���� x � ��� x � �� x � ���� x � ��� x �

�

��� x

f� �� g ��� x��� � �� x��� � �� x��� ��� x��� � �� x��� � �� x��� � ���

f� � Expand
f��

�  ��

����� � �� x � ���� x � ��� x � ���� x �

�� �� �� � ��

���� x � ��
� x � ���� x � �
� x � ��� x �

�� �� �� �� �


���� x � ��� x � ���� x � ��� x � ��� x �

�� �� �� �� ��

�
�� x � ���� x � ��� x � ��� x � ���� x �



�� �� �� �� ��

��� x � ��
� x � 
�� x � ���� x � ��
 x �

�� �� �
 �� ��

��� x � ���� x � �
 x � �
�� x � ���� x �

�� �� � �
 �

���� x � ���� x � ���� x � ��� x � �
�� x �

� �

�
�� x � ���
 x

PolynomialGCD
 f�� f� �

�  �� ��

�
� � �� x � �� x � � x � �� x � �� x

Factorization

In Mathematica
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Maple �see chapter 
�
��� Reduce �see chapter 
�����

� factorization is transformation of a polynomial into a product of polynomials

Factor
 a�� � b�� �

�a � b	 �a � b	

Factor
 a�� � b�� �

� �

a � b

Factor
a�� � b��� GaussianIntegers �� True �

��I a � b	 �I a � b	

fa �� � x�� z � y�� z�� � �� � � x y�� � z��� � ��x�� y � z�� � �� � � x�� y�� � z�� �

fa � Expand
fa�

�   
 �  � 
 � �

�� x y � � x y � � x y z � x y z � �� x y z �

� � � � � � � � � �  �

�� x y z � � x y z � � x y z � � x y z �

� �� �  �� � � � � � � �

� x y z � x y z � � x y z � � x y z �

� � � 
 � � �  � � � �

x y z � x y z � x y z � �� z � � x y z �



� � � � �  � � 
 �

� x y z � � x y z � � x y z � � x y z �

� 
 � � � � � �� � � � � �

x y z � x y z � x y z � � x z � x y z �

� � � � � � � � � � � �

x y z � x y z � � z � � y z � x y z �

 � � 
 � �  � 


x y z � x y z � x z � y z

Factor
 fa �

� � � � � � �

�� � x y � z 	 �x y � z 	 �x y � z 	

� � �

�� � x z � y z 	

Decomposition

In Mathematica
For comparison with other CAS choose from� Axiom �see chapter ��� Derive �see chapter ��� Macsyma �see

chapter 
����� Maple �see chapter 
�
��� Reduce �see chapter 
�����

� �nding of polynomial substitution which transforms a polynomial into another polynomial in further polyno�
mials

Decompose
 x�� � �x�� � ��x�� � ���x�� � ���x�� � ���x � ��� �

� �

"��� � ��� x � �� x � x � x �� � x	#

Decompose
 x�� � �x�� y � �x�� y�� � �x y�� � y�� � �x�� y � �x y�� � �y�� � �x�� � � x
y � �y�� � �y � �� x �

� � � �

"� � � x � x � � y � � x y � � y � � x y � � y �

�

y � x �x � y	#

Grobner bases

In Mathematica
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter ��� Macsyma �see

chapter 
����� Maple �see chapter 
�
��� Reduce �see chapter 
�����
polys �� ��p � ��s � ���b � ��� ��p � ��z � ��t � ��s� ��w � ��p s � ��z � ��t � ���b��� ��w �

��p t � ��z s� w p � �z t � ��b��� ��w � ��s b � �b��� b�� � �����b � ����������
vars �� w�p�z�t�s�b
GroebnerBasis
 polys� vars �



�

"��� � ���� b � ����� b � �� � ��� b � ��� s�


� � �
�� b � �� t� ���
 � ����� b � �
��� z�

��� � ���� b � �
�� p� ���� � ���� b � ����� w#

����� Rational functions

In Mathematica
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Maple �see chapter 
�
��� Reduce �see chapter 
�����

� integration

Integrate
 ��a b�� � �a�� b���a�� � ��� a �

a

�� b ArcTan������

���

�

����������������� �

���

� �

��� � ���

��� b � � � b 	 Log��� � � a�

����������������������������������� �

���


 �

��� � ���

���� b � � � b 	 Log�� � � a�

����������������������������������� �

���


 �

� �

� b Log�� � Sqrt��� a �

������������������������

� Sqrt���

� veri�cation by derivation

D
��a�

�

�� b � a b

����������������������� � ������������������ �

� �

a � �� � Sqrt��� a 	

� Sqrt��� �� � �������	

Sqrt���

��� � ��� �



��� b � � � b �� b � � � b

���������������������� � �����������������������

��� ���

� Sqrt��� �� � � a	 � Sqrt��� ��� � � a	

Simplify
��

a b ��� a � � b	

����������������

�

�� � a

� partial fraction decomposition

Apart
 ���x��� ��x� ����x��� x��� �x��

� � �

������ � � � �����

�� � x x � � x

����� Solving equations

In Mathematica
For comparison with other CAS choose from� Axiom �see chapter 
���
� Derive �see chapter 
���
� Macsyma �see

chapter 
���
� Maple �see chapter 
�
�
� Reduce �see chapter 
���
�

Linear systems

In Mathematica
For comparison with other CAS choose from� Axiom �see chapter 
���
� Derive �see chapter 
���
� Macsyma �see

chapter 
���
� Maple �see chapter 
�
�
� Reduce �see chapter 
���
�
Solve
� x� � x� � � x� � � �� �� x� � � x� � x� � � �� �� � x� � � x� � � x� � � �� �� x�� x��

x� �

""x� �� ��� x� �� �� x� �� �##

Nonlinear equations

In Mathematica
For comparison with other CAS choose from� Axiom �see chapter 
���
� Derive �see chapter 
���
� Macsyma �see

chapter 
���
� Maple �see chapter 
�
�
� Reduce �see chapter 
���
�

� using decompositioni for solving high degree polynomials

Solve
 x�� � �x�� � ��x�� � ��x�� � ���x�� � ���x�� � ���x�� � ���x � �� �� � �

� � Sqrt��� � 
 �� � Sqrt��� � � Sqrt����	�

""x �� �������������������������������������������#�

�

� � Sqrt��� � 
 �� � Sqrt��� � � Sqrt����	�

"x �� �������������������������������������������#�

�

� � Sqrt��� � 
 �� � Sqrt��� � � Sqrt����	�



"x �� �������������������������������������������#�

�

� � Sqrt��� � 
 �� � Sqrt��� � � Sqrt����	�

"x �� �������������������������������������������#�

�

� � Sqrt��� � 
 �� � Sqrt��� � � Sqrt����	�

"x �� �������������������������������������������#�

�

� � Sqrt��� � 
 �� � Sqrt��� � � Sqrt����	�

"x �� �������������������������������������������#�

�

� � Sqrt��� � 
 �� � Sqrt��� � � Sqrt����	�

"x �� �������������������������������������������#�

�

� � Sqrt��� � 
 �� � Sqrt��� � � Sqrt����	�

"x �� �������������������������������������������##

�

� multiple use of inversion functions

Solve
 Log
 ArcCos
 ArcSin
x�������b�� ���� � �� �� x �

� � ��

""x �� �Sqrt�b � � b Sin�� � Cos�E �� �

�� � �� �

� b Sin�� � Cos�E �� � Sin�� � Cos�E �� �#�

� � ��

"x �� Sqrt�b � � b Sin�� � Cos�E �� �

�� � �� �

� b Sin�� � Cos�E �� � Sin�� � Cos�E �� �##

Simplify
��

� � �

""x �� �Sqrt��b � Sin�� Cos������ �	 �#�

�

� E

� � �

"x �� Sqrt��b � Sin�� Cos������ �	 �##

�

� E

Nonlinear systems

In Mathematica



For comparison with other CAS choose from� Axiom �see chapter 
���
� Derive �see chapter ��� Macsyma �see
chapter ��� Maple �see chapter 
�
�
� Reduce �see chapter 
���
�

� polynomial systems by the use of �see chapter���

Solve
 alpha c� �beta c��� �gamma c� c� �epsilon c� �� �� �gamma c� c� � �epsilon�theta� c�
� eta c� �� �� gamma c� c� � eta c� � �epsilon�theta� c� �� � � c��c��c� �

""c� �� �c� ��alpha � beta c� �

alpha c� epsilon gamma

���������������������������� �

epsilon eta � c� gamma theta

�

beta c� epsilon gamma

���������������������������� �

epsilon eta � c� gamma theta

alpha c� gamma theta

���������������������������� �

epsilon eta � c� gamma theta

�

beta c� gamma theta

����������������������������		 � epsilon�

epsilon eta � c� gamma theta

c� �� �c� �alpha epsilon � beta c� epsilon �

alpha theta � beta c� theta		 �

���epsilon eta	 � c� gamma theta	##

Simplify
��

c� ��alpha � beta c�	 �eta � c� gamma	

""c� �� ���������������������������������������

epsilon eta � c� gamma theta

c� �alpha � beta c�	 �epsilon � theta	

c� �� ��������������������������������������##

��epsilon eta	 � c� gamma theta

� c� is an arbitrary complex number

����� Analytical operations

In Mathematica
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Maple �see chapter 
�
��� Reduce �see chapter 
�����

Limits

In Mathematica



For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see
chapter 
����� Maple �see chapter 
�
��� Reduce �see chapter 
�����

Limit
 Sin
x��x� x �� � �

�

Limit
�� Sin
Pi x� � Sin
� Pi x���x��� x �� � �

�

� Pi

Limit
 ��x � ��� ��x � ��� x �� In	nity �

�

�

�

Taylor series

In Mathematica

For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see
chapter 
����� Maple �see chapter 
�
��� Reduce �see chapter 
�����

Series
 E�x� x���� �

� � �

x x x �

� � x � �� � �� � �� � O�x�

� � ��

Series
 E��x�y�� x����� y���� �

� �

y � y �

� � y � �� � O�y� � �� � y � �� � O�y� 	 x �

� �

�

� y y � � �

�� � � � �� � O�y� 	 x � O�x�

� � �

���

� � � �

� � � y � � y � O�y� � �� � � y � � y � O�y� 	 x �

� � � �

�� � � y � � y � O�y� 	 x � O�x�



Summation and Products

In Mathematica
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Maple �see chapter 
�
��� Reduce �see chapter 
�����

� modul Algebra$SymbolicSum$ dealing with sumation

Needs
 "Algebra&SymbolicSum&" �

Sum
 m�� x�m� m� �� n �

n n � n � � n

�x ��� � x � x � � n x � n x � x �

� � n � � � n � � � n �

� n x � � n x � n x 		 � ��� � x	

Sum
 Cos
��m��� Pi� ��n����� m���r �

Pi Pi Pi r

�Cos��������� � Cos�������� � ��������

� � � n � � � n � � � n

Pi Pi Pi r

Csc��������� Sin�������� � ��������

� � � n � � � n � � � n

Product
 Exp
 Sin
m x��� m� �� n �

Csc�x��� Sin��n x	��� Sin���� � n	 x	���

E

Sum
 m ��m� Factorial
m���� m���n�

n n

�� � � � � n � Gamma�� � n�

�����������������������������

Gamma�� � n�

Integration

In Mathematica
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Maple �see chapter 
�
��� Reduce �see chapter 
�����
Integrate
 x�� �a�b x��p� x�

�

p � a

�a � b x	 ��������������������������� �

�

b �� � p	 �� � p	 �� � p	



�

� a p x

����������������������������� �

�� � p	 �b � b p	 �� b � b p	

� �

a p x b x

������������������� � ���������	

�� � p	 �� b � b p	 � b � b p

Simplify
��

� � p � � �

��a � b x	 �� a � � a b x � � a b p x � � b x �

� � � � � � � �

� b p x � b p x 		 � �b �� � �� p � � p � p 		

Integrate
 x�� Log
x�� � a���� x�

� x

� � � a ArcTan��� � � �

� a x � x a x Log�a � x �

������ � ���� � �������������� � ���������������

� � � �

Simplify
��

� � � x � � �

� a x � � x � � a ArcTan��� � � x Log�a � x �

a

��������������������������������������������������

�

Simplify
Integrate
 x d�x Sin
x�� x ��

x �

�d ���x Cos�x�	 � � Cos�x� Log�d� � x Cos�x� Log�d� �

�

Sin�x� � x Log�d� Sin�x� � Log�d� Sin�x� �

� � �

x Log�d� Sin�x�		 � �� � Log�d� 	

Simplify
Integrate
 x Sqrt
a � b x��p� x��

� � p��

� �a � b x	 ��� a � � b x � b p x	

�����������������������������������������



�

b �� � p	 �� � p	

Simplify
 Integrate
 �x Exp
x��� Log
x�� Exp
x����x � �Log
x������Log
x����x��� � ����x� Log
x��
���x����� �Log
x����x�� x ��

�

x Log�x� �

E Log�x� � ����������� � Log�x � Log�x� �

�

x � Log�x�

Ordinary di�erential equations

In Mathematica
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter ��� Macsyma �see

chapter 
����� Maple �see chapter 
�
��� Reduce �see chapter 
�����
DSolve
 y 
x� � y
x� Sin
x��Cos
x� � ��Cos
x����� y
x��x �

""y�x� �� C��� Cos�x� � Sin�x�##

� Bernoulli equation

Simplify
 DSolve
 x ���x��� y 
x� � ��x����� y
x�� x�� y�� �� �� y
x�� x� �

� �

""y�x� �� x �y � Sqrt�� � x � C���	##

Simplify
 DSolve
 y"
x� � �y 
x� � �y
x� � x Exp
x� �� �� y
x�� x � �

x x

�� E E x C��� x C���

""y�x� �� ����� � ���� � ���� � ������##

� � � x � x

E E

����� Matrices

In Mathematica
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Maple �see chapter 
�
��� Reduce �see chapter 
�����
xx �� a���a��� a���a��
yy �� y��y�
xx �� MatrixForm

a�� a��

a�� a��

Det
 xx �



��a�� a��	 � a�� a��

zz � Inverse
xx�  yy �� MatrixForm

a�� y� a�� y�

�������������������� � ��������������������

��a�� a��	 � a�� a�� ��a�� a��	 � a�� a��

a�� y� a�� y�

����������������������	 � ��������������������

��a�� a��	 � a�� a�� ��a�� a��	 � a�� a��

Simplify
�� �� MatrixForm

a�� y� � a�� y�

��������������������

��a�� a��	 � a�� a��

��a�� y�	 � a�� y�

��������������������

��a�� a��	 � a�� a��

MatrixPower
 xx� �� � �� Simplify �� MatrixForm

�

a�� a�� � a�� a�� �a�� � a��	

����������������������� ����������������������	

� �

���a�� a��	 � a�� a��	 �a�� a�� � a�� a��	

�

a�� �a�� � a��	 a�� � a�� a��

����������������������	 �����������������������

� �

�a�� a�� � a�� a��	 ���a�� a��	 � a�� a��	

Eigenvalues
 ������� ������ ������ �

"�� �� �#

����� Graphics

In Mathematica
For comparison with other CAS choose from� Axiom �see chapter 
���� Derive �see chapter 
���� Macsyma �see

chapter 
����� Maple �see chapter 
�
�� Reduce �see chapter 
�����

�D Graphics

In Mathematica
For comparison with other CAS choose from� Axiom �see chapter 
���� Derive �see chapter 
���� Macsyma �see

chapter 
����� Maple �see chapter 
�
�� Reduce �see chapter 
�����



� function of one parameter

� including labels

� graph of several functions �Bessel functions J�n� x�� n � 	� �� ��

�D Graphics

In Mathematica
For comparison with other CAS choose from� Axiom �see chapter 
���� Derive �see chapter 
���� Macsyma �see

chapter 
����� Maple �see chapter 
�
�� Reduce �see chapter 
�����

� graph of a function with � parameters

� graph of another function with � parameters

Parametric plots

In Mathematica
For comparison with other CAS choose from� Axiom �see chapter 
���� Derive �see chapter 
���� Macsyma �see

chapter 
����� Maple �see chapter 
�
�� Reduce �see chapter 
�����

� parametricaly given surface

� combination of graphical objects

Contour maps

In Mathematica
For comparison with other CAS choose from� Axiom �see chapter ��� Derive �see chapter ��� Macsyma �see

chapter 
����� Maple �see chapter 
�
�� Reduce �see chapter 
�����

� map of a function with � parameters

� map of another function with � parameters

� map of further function with � parameters

� map of transformation of cartesian coordinate grid by a complex function

Polytopes

In Mathematica
For comparison with other CAS choose from� Axiom �see chapter ��� Derive �see chapter ��� Macsyma �see

chapter ��� Maple �see chapter 
�
�� Reduce �see chapter ���

� graphical presentation of polytopes

���� Graphical presentation of formulas

In Mathematica
For comparison with other CAS choose from� Axiom �see chapter ��� Derive �see chapter ��� Macsyma �see

chapter 
����� Maple �see chapter 
�
��� Reduce �see chapter 
�����

��	 Reduce

� inputs

outputs



����� Number domains

In Reduce

For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see
chapter 
����� Maple �see chapter 
�
��� Mathematica �see chapter 
�����

Big integers

In Reduce

For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see
chapter 
����� Maple �see chapter 
�
��� Mathematica �see chapter 
�����

� integers of arbitrary size

������

�����������������

factorial ���


����
�����������������
��������
������������������������������

������������

bi�����������������

bi �� �����
����

� factorization of integers

on ifactor�

factorize bi�

"��������������������#

bia����������

bia �� �������

� integer greatest common divisor

gcd�bi�bia��

��



Rational numbers

In Reduce
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Maple �see chapter 
�
��� Mathematica �see chapter 
�����

� exact calculation with rational numbers

��������������������

���
����

�����������

���
���

rn�����������������

� ���

rn �� ���������

����

Complex numbers

In Reduce
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Maple �see chapter 
�
��� Mathematica �see chapter 
�����

� exact calculation with complex numbers

cn�������i��������i���������i��

���i � ���

cn �� ������������

��i � �

� basic number domain changed to that of complex numbers

on complex�

cn��cn�

��� � ���i

cn �� �������������

�

Algebraic numbers

In Reduce
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Maple �see chapter ��� Mathematica �see chapter ���

� module arnum dealing with algebraic numbers

load package arnum�

defpoly sqrt�������

���sqrt�����



sqrt� � �

�x������sqrt��x�����x�sqrt���

x � sqrt�

on gcd�

�x�����sqrt�����x�������sqrt�����x���sqrt����x�������

�

x � ��x � �

��������������

x � sqrt�

o� gcd�

sqrt�x������sqrt��x�y���y�����

x � sqrt��y

� multiple algebraic extensions

o� arnum�

defpoly sqrt�������cbrt�������

��� Defining the polynomial for a primitive element�

� � � �

a� � ���a� � ��a� � ��a� � ���a� � ���

cbrt�����

�

sqrt�����

�

cbrt��

��� � � � ���� � ��� � ���

� ��������a� � �������a� � �������a� � �������a� � �������a�


��� 
��� 
��� 
��� 
���

�
��

� ������	


���



sqrt�x�������sqrt��cbrt���x�����sqrt��cbrt��cbrt������

��� � �� � ���� � ���� � �����

x � ��������a� � �������a� � �������a� � �������a� � ��������a�


��� 
��� 
��� 
��� 
���

�����

� �������	


���

Big �oating point numbers

In Reduce
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Maple �see chapter 
�
��� Mathematica �see chapter 
�����
rn�� � ����������

� ���

rn �� ���������

����

cn�������i � �������

���i � ���

cn �� �������������

�

� computation with �oating point numbers

on rounded�

rn�

� ���
��
�����

cn�

�����i � �
��

pi�

�������������

cos pi�

� �

sin ��

��
�����
�
�




� computation with an arbitrary number of digits

precision ���

��

pi�

������������
�����
�������
������

������������

cos pi�

� �

� should be cos�pi#�� � sqrt���#�

cos�pi����

��
��������
���
���������������
��������������

ws����

���

precision ���

��

� by default� an under�ow is converted to zero

exp��������������

�

� it is possible to get very small numbers

on roundbf�

exp��������������

���
��
����e�����������

o� roundbf�

� complex functions

on complex�



��� Domain mode rounded changed to complex�rounded

tan��� � ���i��

�������
�� � ���
�������i

log��� � ���i��

����������� � ��
���
�����i

����� Polynomials

In Reduce
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Maple �see chapter 
�
��� Mathematica �see chapter 
�����

Basic operations

In Reduce
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Maple �see chapter 
�
��� Mathematica �see chapter 
�����

� by default� parentheses are expanded

pol���a�b�c����

� � � � � � � � �

pol �� a � ��a �b � ��a �c � ��a �b � ���a �b�c � ��a �c � ��a�b

� � � � � � �

� ���a�b �c � ���a�b�c � ��a�c � b � ��b �c � ��b �c

� �

� ��b�c � c

� di�erentiation

dpol��df�pol�a��

� � � � � �

dpol �� ���a � ��a �b � ��a �c � ��a�b � ��a�b�c � ��a�c � b

� � �

� ��b �c � ��b�c � c 	

df�pol�a�b����

����a � b � c	

� integration

int�dpol�a��



� � � � � � �

a��a � ��a �b � ��a �c � ��a�b � ���a�b�c � ��a�c � ��b � ���b �c

� �

� ���b�c � ��c 	

� veri�cation

ws�pol�

� � � � � �

� b � ��b �c � ��b �c � ��b�c � c

� polynomial greatest common divisor

on gcd�ezgcd�

�a���b�����a�����a�b�b����

a � b

�������

a � b

o� gcd�

g �� ���x��������x����x�������x��������x�������

�� ��  �

g �� ���x � ���x � ��x � ���x � ���x � 
�

f���g � ����x��������x���������x�������x�������x���������

� � � �� �� ��

f� �� � ����x � ����x � �����x � ���x � ����x � �����x

�� �� �� �� �


� ����x � ����x � ����x � �����x � �����x

� �� � �� ��

� �
���x � ��
��x � ��
��x � �
���x � �����x

� �� �� �� ��

� ��
��x � ��
��x � �����x � ����x � �����x

�� �� �� � 


� 

���x � �����x � �����x � ������x � �����x

 � � �

� ����x � ��
��x � �����x � �����x � ���x � ����

f���g � ����x��������x��������x��������x��������x��������x���������



� � � �
 � ��

f� �� ���
�x � �
���x � �
���x � ����x � �����x � �����x

�� �� �� �
 ��

� �����x � �����x � �
���x � �
�x � �����x

�� �� �� �� ��

� ����x � ��
�x � �����x � 
���x � ��
��x

�� �� �� �� ��

� ����x � �����x � ����x � ����x � �����x

�� �
 �� �� ��

� �
���x � ����x � ����x � �����x � ����x

�� �� � �� ��

� �����x � ����x � �
��x � �����x � ��
��x

�� ��  �

� �����x � �����x � ����x � �����x � ���x � ����

gcd�f��f���

�� ��  �

���x � ���x � ��x � ���x � ���x � 
�

Factorization

In Reduce
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Maple �see chapter 
�
��� Mathematica �see chapter 
�����

� factorization is the transformation of a polynomial into a product of polynomials

factorize�a���b����

"a � b�a � b#

on complex�

factorize�a���b����

"a � i�b�a � i�b#

o� complex�

fa���x����z�y����z������� �x�y����z����� ��x����y�z������� �x����y����z�����

� 
 
 � �  �� �  
 � � �

fa �� � x �y �z � x �y �z � x �y �z � ��x �y � x �y �z

�  � �  � � � � � � � � �

� x �y �z � ��x �y �z � ��x �y �z � x �y �z � x �y �z



� � � � � � �� � � �� � � 
 �

� ��x �y �z � x �y�z � x �y �z � ��x �y �z � x �y �z

�  � �  � � � � 
 � � 
 �

� ��x �y �z � ���x �y � ��x �y �z � x �y �z � ��x �y �z

� � � � � � � � � � � � � � �

� x �y �z � ��x �y �z � ���x �y �z � x �y �z � ��x �y �z

� � �  � �  �  �

� ��x �y�z � x �z � ��x �z � x�y �z � ��x�y �z

� � � � � 
 � � � �

� ��x�y �z � ���x�y �z � y �z � ��y �z � ��z � ���z

factorize fa�

� �

"x�y � z �

� � �

x �z � y �z � ��

� �

� x �y � z � ��

� � �

x �y � z #

Decomposition

In Reduce
For comparison with other CAS choose from� Axiom �see chapter ��� Derive �see chapter ��� Macsyma �see

chapter 
����� Maple �see chapter 
�
��� Mathematica �see chapter 
�����

� decomposing a polynomial into simpler polynomials which when composed� produce the original polynomial

decompose�x�����x������x�������x�������x�������x������

� � �

"u � ���u � ����u � ����u�x � ��x#

decompose�x�����x����y � �x����y��� � �x�y��� � y��� � �x����y ��x�y��� � �y��� �
� x��� � ��x�y � ��y��� � �y � ���

� � �

"u � ��u � ��u�x � x�y � y � y#

Simpli	cation with side relations

In Reduce
For comparison with other CAS choose from� Axiom �see chapter ��� Derive �see chapter ��� Macsyma �see

chapter ��� Maple �see chapter ��� Mathematica �see chapter ���



� load the module compact for polynomial compacti�cation� simpli�cation of a polynomial in which the variables
are restricted by side relations

load package compact�

com������sin x�������������cos x�����������sin x������cos x���������

�� �� �� 
 �� �

com �� sin�x	 �cos�x	 � ��sin�x	 �cos�x	 � ���sin�x	 �cos�x	

�� � �� � ��

� ���sin�x	 �cos�x	 � ��sin�x	 �cos�x	 � sin�x	

�
 �� �
 ��

� ��sin�x	 �cos�x	 � ���sin�x	 �cos�x	

�
 
 �
 �

� ��sin�x	 �cos�x	 � ����sin�x	 �cos�x	

�
 � �
 � �


� ��sin�x	 �cos�x	 � ���sin�x	 �cos�x	 � ��sin�x	

�� �� �� ��

� ���sin�x	 �cos�x	 � ��sin�x	 �cos�x	

�� �� �� 


� ����sin�x	 �cos�x	 � ����sin�x	 �cos�x	

�� � �� �

� ����sin�x	 �cos�x	 � ����sin�x	 �cos�x	

�� � �� �� ��

� ��sin�x	 �cos�x	 � ���sin�x	 � ���sin�x	 �cos�x	

�� �� �� ��

� ����sin�x	 �cos�x	 � ����sin�x	 �cos�x	

�� �� �� 


� 
���sin�x	 �cos�x	 � �����sin�x	 �cos�x	

�� � �� �

� 
���sin�x	 �cos�x	 � ����sin�x	 �cos�x	

�� � �� �� �


� ����sin�x	 �cos�x	 � ���sin�x	 � ��sin�x	 �cos�x	

�� �� �� ��

� ��sin�x	 �cos�x	 � ����sin�x	 �cos�x	

�� �� �� ��

� �����sin�x	 �cos�x	 � �
��sin�x	 �cos�x	

�� 
 �� �

� �
��sin�x	 �cos�x	 � �����sin�x	 �cos�x	

�� � �� � ��

� ����sin�x	 �cos�x	 � ��sin�x	 �cos�x	 � ��sin�x	



�� �� �� �


� sin�x	 �cos�x	 � ���sin�x	 �cos�x	

�� �� �� ��

� ����sin�x	 �cos�x	 � 
���sin�x	 �cos�x	

�� �� �� ��

� �
��sin�x	 �cos�x	 � �����sin�x	 �cos�x	

�� 
 �� �

� �
��sin�x	 �cos�x	 � 
���sin�x	 �cos�x	

�� � �� � ��

� ����sin�x	 �cos�x	 � ���sin�x	 �cos�x	 � sin�x	


 �� 
 �


� ��sin�x	 �cos�x	 � ��sin�x	 �cos�x	


 �� 
 ��

� ����sin�x	 �cos�x	 � �����sin�x	 �cos�x	


 �� 
 ��

� �
��sin�x	 �cos�x	 � �
��sin�x	 �cos�x	


 
 
 �

� �����sin�x	 �cos�x	 � ����sin�x	 �cos�x	


 � 
 �

� ��sin�x	 �cos�x	 � ��sin�x	 �cos�x	

� �� � �


� ���sin�x	 �cos�x	 � ����sin�x	 �cos�x	

� �� � ��

� ����sin�x	 �cos�x	 � 
���sin�x	 �cos�x	

� �� � ��

� �����sin�x	 �cos�x	 � 
���sin�x	 �cos�x	

� 
 � �

� ����sin�x	 �cos�x	 � ����sin�x	 �cos�x	

� � � ��

� ���sin�x	 �cos�x	 � ���sin�x	 �cos�x	

� �
 � ��

� ��sin�x	 �cos�x	 � ����sin�x	 �cos�x	

� �� � ��

� ����sin�x	 �cos�x	 � ����sin�x	 �cos�x	

� �� � 


� ����sin�x	 �cos�x	 � ��sin�x	 �cos�x	

� � � ��

� ���sin�x	 �cos�x	 � ��sin�x	 �cos�x	



� �
 � ��

� ���sin�x	 �cos�x	 � ��sin�x	 �cos�x	

� �� � ��

� ����sin�x	 �cos�x	 � ��sin�x	 �cos�x	

� �� � 
 ��

� ���sin�x	 �cos�x	 � ��sin�x	 �cos�x	 � cos�x	

�
 �� �� ��

� ��cos�x	 � ���cos�x	 � ���cos�x	 � ��cos�x	

��

� cos�x	

compact�com�cos x���sin x������

�� ��

sin�x	 �cos�x	

Grobner bases

In Reduce

For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter ��� Macsyma �see
chapter 
����� Maple �see chapter 
�
��� Mathematica �see chapter 
�����

� load the module groebner for dealing with Grobner bases

load package groebner�

polys �� ���p � ���s � ����b � ��� ���p � ���z � ���t � ���s� ���w � ���p�s � ���z � ���t �
����b���� � ��w � ���p�t � ���z�s� w�p � ��z�t � ���b���� ���w � ���s�b � ��b���� b��� �
������b � ����������%

vars �� w�p�z�t�s�b%

groebner�polys�vars��

"������w � �����b � �����

�
���p � �����b � ���

�
����z � ������b � ���
�

���t � �
���b � 
��

����s � ����b � ��

�

������b � �����b � ���#

� solving a system of polynomial equations by Grobner bases

groesolve�polys�vars��



� ��
�sqrt���	�i � ���

""t���������������������������

���

����sqrt���	�i � ���

w������������������������

�����

����sqrt���	�i � ��

z������������������������

����

� ���sqrt���	�i � ��

p�������������������������

���

��� � ��sqrt���	�i � ��	

s����������������������������

��

��� � ��sqrt���	�i � ��	

b���������������������������#�

���

��
�sqrt���	�i � ���

"t������������������������

���

� ����sqrt���	�i � ���

w���������������������������

�����

� ����sqrt���	�i � ��

z���������������������������

����

���sqrt���	�i � ��

p����������������������

���

�����sqrt���	�i � ��	

s�������������������������

��

�����sqrt���	�i � ��	

b������������������������##

���

� �see chapter
���
�

����� Rational functions

In Reduce
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Maple �see chapter 
�
��� Mathematica �see chapter 
�����

� integration



int����a�b�����a���b���a������a��

��� a ��� ���

�sqrt��	�b�� � ���� �atan�������	 � ��� �log�� � a	

���

�

��� ��� ���

� ��� �log� � � � a	 � ��log�� � a	�b

��� �

� ��log� � � � a	�b � ��log�sqrt��	 � a 	�b		�


� veri�cation by di�erentiation

df�ws�a��

a�b�� � ��a � ��b	

��������������������

�

a � �

� partial fraction decomposition

pf����x�����x�����x���x����x��x��

� � �

"�������������������#

x � � x � � x

����� Solving equations

In Reduce
For comparison with other CAS choose from� Axiom �see chapter 
���
� Derive �see chapter 
���
� Macsyma �see

chapter 
���
� Maple �see chapter 
�
�
� Mathematica �see chapter 
���
�

Linear systems

In Reduce
For comparison with other CAS choose from� Axiom �see chapter 
���
� Derive �see chapter 
���
� Macsyma �see

chapter 
���
� Maple �see chapter 
�
�
� Mathematica �see chapter 
���
�
solve���x��x����x����x����x��x������x����x����x���� x��x��x���

""x�����x����x���##

Nonlinear equations

In Reduce
For comparison with other CAS choose from� Axiom �see chapter 
���
� Derive �see chapter 
���
� Macsyma �see

chapter 
���
� Maple �see chapter 
�
�
� Mathematica �see chapter 
���
�

� using decomposition to solve high degree polynomials

solve�x������x�������x�������x��������x��������x��������x��������x�����



Unknown� x

sqrt� � sqrt� � ��sqrt��	 � �	 � �	�sqrt��	 � �

"x���������������������������������������������������

�

� sqrt� � sqrt� � ��sqrt��	 � �	 � �	�sqrt��	 � �

x������������������������������������������������������

�

sqrt� � sqrt���sqrt��	 � �	 � �	�sqrt��	 � �

x������������������������������������������������

�

� sqrt� � sqrt���sqrt��	 � �	 � �	�sqrt��	 � �

x���������������������������������������������������

�

sqrt�sqrt� � ��sqrt��	 � �	 � �	�sqrt��	 � �

x������������������������������������������������

�

� sqrt�sqrt� � ��sqrt��	 � �	 � �	�sqrt��	 � �

x���������������������������������������������������

�

sqrt�sqrt���sqrt��	 � �	 � �	�sqrt��	 � �

x���������������������������������������������

�

� sqrt�sqrt���sqrt��	 � �	 � �	�sqrt��	 � �

x�����������������������������������������������#

�

� multiple use of inversion functions

solve�log�acos�asin�x��������b��������x��

� ���

"x��sin�cos�����	 � �	 � b	 �

�

e

� ���

x� � �sin�cos�����	 � �	 � b	 #

�

e

Nonlinear systems

In Reduce
For comparison with other CAS choose from� Axiom �see chapter 
���
� Derive �see chapter ��� Macsyma �see

chapter ��� Maple �see chapter 
�
�
� Mathematica �see chapter 
���
�

� solve polynomial systems by the use of �see chapter���



solve� � alpha � c� � beta � c���� � gamma�c��c� � epsilon�c�� �gamma�c��c� � �epsilon�theta��c�
�eta �c�� gamma�c��c� � eta�c� � �epsilon�theta� � c��� �c��c��c����

""c��arbcomplex���	�

c���c��� � c��beta�epsilon � c��beta�theta � alpha�epsilon

� alpha�theta		��c��gamma�theta � epsilon�eta	�

c���c��

�

� � c� �beta�gamma � c��alpha�gamma � c��beta�eta � alpha�eta	

	��c��gamma�theta � epsilon�eta	##

� the value of the operator arbcomplex is an arbitrary complex number

� �see chapter
�����

����� Analytical operations

In Reduce
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Maple �see chapter 
�
��� Mathematica �see chapter 
�����

Limits

In Reduce
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Maple �see chapter 
�
��� Mathematica �see chapter 
�����
limit�sin�x��x�x����

�

limit����sin�pi�x� � sin���pi�x���x���x����

�

��pi

limit���x������x����x�in	nity��

�

���

�

Taylor series

In Reduce
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Maple �see chapter 
�
��� Mathematica �see chapter 
�����

� load the module taylor for computing Taylor series

load package taylor�

taylor �e��x� x� �� ���



� � � � � � �

� � x � ����x � ����x � �����x � O�x 	

� � ��

taylor �e���x�y�� x� �� �� y� �� ���

� � � �

� � y � ����y � x � y�x � �� terms	 � O�x �y 	

�

taylorcombine �ws�����

� � �

� � ��y � ��y � ��x � ��y�x � �� terms	 � O�x �y 	

Summation and Products

In Reduce
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Maple �see chapter 
�
��� Mathematica �see chapter 
�����
sum�m����x��m�m���n��

n � � n � n � n n n n

�x��x �n �x � ��x �n �x � x �n � ��x �n�x � ��x �n � x �x � x � x

� �

� �		��x � ��x � ��x � �	

sum�cos����m����pi����n�����m���r��

��r�pi

sin����������	

��n � �

������������������

pi

��sin����������	

��n � �

prod�e���sin�m�x���m���n��

cos�x��	����sin�x��		

e

����������������������������������

cos����n�x � x	��	����sin�x��		

e

for all n�m such that 	xp m let factorial�n�m��if m � � then factorial�n�m�����n�m� else facto�
rial�n�m�����n�m����

sum�m����m�factorial�m����m���n��



n �

� ��� � factorial�n	�n � ��factorial�n	�n � ��factorial�n	

���������������������������������������������������������������

�

factorial�n	��n � ��n � �	

Integration

In Reduce
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Maple �see chapter 
�
��� Mathematica �see chapter 
�����
int�x�����a�b�x���p�x��

p � � � � � � � � � �

��a � b�x	 ����a � ��a �b�p�x � a�b �p �x � a�b �p�x � b �p �x

� � � � � � �

� ��b �p�x � ��b �x 		��b ��p � ��p � ���p � �		

int�x����log�x����a�����x��

x � � � � � �

� ��atan����	�a � ��log�a � x 	�x � ��a �x � ��x

a

�������������������������������������������������������

�

int�x�d��x�sin x�x��

x � �

�d ��sin�x	�log�d	 �x � sin�x	�log�d	 � sin�x	�log�d	�x � sin�x	

� �

� cos�x	�log�d	 �x � ��cos�x	�log�d	 � cos�x	�x		��log�d	

�

� ��log�d	 � �	

int�x�sqrt�a�b�x���p�x��

p�� � � � � �

���a � b�x	 �� � ��a � a�b�p�x � b �p�x � ��b �x 	

��������������������������������������������������������

� �

b ��p � ��p � 
	

int���x�e���x�����log�x��e���x�����x��log�x������log�x�����x����� ����x��log�x�����x������log�x�����x��x�

� �

x � x � �

�e �log�x	 � e �log�x	�x � log�log�x	 � x	�log�x	



� �

� log�log�x	 � x	�x � log�x		��log�x	 � x	

Ordinary di�erential equations

In Reduce
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter ��� Macsyma �see

chapter 
����� Maple �see chapter 
�
��� Mathematica �see chapter 
�����

� load the module odesolve for the analytical solution of ordinary di�erential equations

load package odesolve�

depend y�x�

odesolve�df�y�x� � y � sin x�cos x � ��cos x�y�x��

"y�arbconst��	�cos�x	 � sin�x	#

� Bernoulli equation

odesolve�x����x�����df�y�x� � ���x��� ����y � x����y����y�x��

�

� ��arbconst��	 � ��x

"���������������������������#

� � �

y ��x � ��x

solve�ws�y��

�

sqrt�x � �	�sqrt��	�x

"y������������������������������

�

sqrt���arbconst��	 � ��x 	

�

� sqrt�x � �	�sqrt��	�x

y�����������������������������#

�

sqrt���arbconst��	 � ��x 	

odesolve�df�y�x������df�y�x����y�x�exp�x��y�x��

��x ��x

��e �x � ��e � ��arbconst��	�x � ��arbconst��	

"y��������������������������������������������������������#

��x

��e



Substitutions � pattern matching

In Reduce
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter ��� Macsyma �see

chapter 
����� Maple �see chapter ��� Mathematica �see chapter ���
factor cos�sin�
�a��cos�wt� � a��cos���wt� � b��sin�wt� � b��sin���wt����� where cos�'x��cos�'y� �� �cos�x�y��cos�x�

y����� cos�'x��sin�'y� �� �sin�x�y��sin�x�y����� sin�'x��sin�'y� �� �cos�x�y��cos�x�y����� cos�'x����
�� ���cos���x����� sin�'x���� �� ���cos���x�����

� �

�cos���wt	�a���a� � ��b� 	

� �

� ��cos��wt	��a��a� � a��b� � ��a��b��b�	 � ��cos���wt	�

� � � �

�a� �a� � a��a� � ��a��b��b� � a��b� � a��b� � ��a��b��b�	 �

� � � � � �

cos���wt	��a� � ��a� �a� � ��a��b� � ��a� � ��a��b� � ��a��b� 	

� ��cos�wt	�

� � � � � �

�a� � a� �a� � ��a��a� � a��b� � ��a��b��b� � ��a��b� � a��b� 	

� �

� sin���wt	�b�����a� � b� 	

� �

� ��sin��wt	����a��a��b� � a� �b� � b��b� 	 � ��sin���wt	�

� � � �

�a� �b� � ��a��a��b� � ��a��a��b� � a� �b� � b� �b� � b��b� 	 �

� � � � � �

sin���wt	����a� �b� � ��a� �b� � ��a� �b� � b� � ��b� �b� � ��b� 	

� ��sin�wt	�

� � � � � �

�a� �b� � a� �b� � ��a��a��b� � ��a� �b� � b� � b� �b� � ��b��b� 	

	��

operator integrate�
linear integrate�
let integrate�'x��'p�x� �� x���p�����p��� when df�p�x���� integrate�'x�x� �� x������ inte�

grate���'x� �� x%
integrate�a���b�a�b���a���a��

b � � �

a����a � ��a �b � ��a �b � ��a�b � ��a � ���b � ��	

�������������������������������������������������������

���b � �	



integrate�a��a����a��

a

integrate�a �a�a	

����� Matrices

In Reduce
For comparison with other CAS choose from� Axiom �see chapter 
����� Derive �see chapter 
����� Macsyma �see

chapter 
����� Maple �see chapter 
�
��� Mathematica �see chapter 
�����
matrix xx�yy�
let xx� mat��a���a�����a���a����� yy� mat��y����y����
xx�

�a�� a���

� �

�a�� a���

det xx�

a���a�� � a���a��

zz�� xx�������yy�

� � a���y� � a���y� �

����������������������

� a���a�� � a���a�� �

zz �� � �

� a���y� � a���y� �

�������������������� �

� a���a�� � a���a�� �

��xx����

�

a���a�� � a��

mat����������������������������������������������

� � � �

a�� �a�� � ��a���a���a���a�� � a�� �a��

� a����a�� � a��	

�������������������������������������������	�

� � � �

a�� �a�� � ��a���a���a���a�� � a�� �a��

� a����a�� � a��	

���������������������������������������������

� � � �

a�� �a�� � ��a���a���a���a�� � a�� �a��



�

a�� � a���a��

�������������������������������������������		

� � � �

a�� �a�� � ��a���a���a���a�� � a�� �a��

mateigen�mat����������������������������et��

""et � ����

�arbcomplex���	�

� �

�arbcomplex���	�

� �

� � �

#�

"et � ����

� � �

� �

�arbcomplex���	�

� �

�arbcomplex���	�

##

����� Code generation

In Reduce
For comparison with other CAS choose from� Axiom �see chapter ��� Derive �see chapter ��� Macsyma �see

chapter 
���� Maple �see chapter ��� Mathematica �see chapter ���

� load the module gentran for the generation of numerical programs

load package gentran�

gentranout gentst%

matrix m�����%

m����� �� ���cos�q���cos�q���m���p��� � ��sin�q������p����m�� � sin�q������j��y � sin�q������j��z
� p����m�� � ���p����m�� � j��y � j��y%

m����� �� m����� �� ��cos�q���cos�q���m���p��� � sin�q������j��y � sin�q������j��z � ��sin�q������m���p�
� j��y � ��m���p���%

m����� �� m����� �� ���sin�q���sin�q���m���p���%

m����� �� �sin�q������j��y � sin�q������j��z � ��sin�q������ m���p��� � j��y � ��m���p���%

m����� �� m����� �� �%

m����� �� ��m���p��� � j��x%

gentranlang#� ��  fortran%

fortlinelen#� �� ��%

gentran literal "c"� cr#�� "c"� tab#�� "��� compute values for matrix m ���"� cr#�� "c"� cr#�%

for j����� do for k��j�� do gentran m�j�k� ���� m�j�k�%



gentran literal "c"� cr#�� "c"� tab#�� "��� compute values for inverse matrix ���"�cr#�� "c"� cr#�%

share var%

for j����� do for k��j�� do if m�j�k� neq � then �� var �� tempvar nil� markvar var� m�j�k� ��
var� m�k�j� �� var� gentran eval�var� �� m�eval�j��eval�k�� ��%

� matrix m contains

m �� m�

�t� t� t��

� �

m �� �t� t� � �

� �

�t� � t��

matrix mxinv�����%

mxinv �� m������%

for j����� do for k��j�� do gentran mxinv�j�k� ���� mxinv�j�k�%

gentran for j����� do for k��j���� do �� m�k�j� �� m�j�k�� mxinv�k�j� �� mxinv�j�k� ��%

gentranshut gentst�

Generated FORTRAN program

Generated program

c

c ��� compute values for matrix m ���

c

m����	�������sin�real�q�		����p����m��	��sin�real�q�		����j��y	�

� sin�real�q�		����j��z��
���cos�real�q�		�cos�real�q�		�p����m���

� �
���p����m���p����m���j��y�j��y

m����	�������sin�real�q�		����p����m��	��sin�real�q�		����j��y	�

� sin�real�q�		����j��z�����cos�real�q�		�cos�real�q�		�p����m���

� ����p����m���j��y

m����	�������sin�real�q�		�sin�real�q�		�p����m��	

m����	�������sin�real�q�		����p����m��	��sin�real�q�		����j��y	�

� sin�real�q�		����j��z�����p����m���j��y

m����	����

m����	�����p����m���j��x

c

c ��� compute values for inverse matrix ���

c

t��m����	

t��m����	

t��m����	

t��m����	

t��m����	

mxinv����	���t��t�	��t�����t��t�����t���t��t��t�		

mxinv����	��t��t�	��t�����t��t�����t���t��t��t�		

mxinv����	��t��t�	��t�����t��t�����t���t��t��t�		

mxinv����	��t������t��t�		��t�����t��t�����t���t��t��t�		

mxinv����	���t��t�	��t�����t��t�����t���t��t��t�		

mxinv����	��t������t��t�		��t�����t��t�����t���t��t��t�		



do ����� j����

do ����� k�j����

m�k�j	�m�j�k	

mxinv�k�j	�mxinv�j�k	

����� continue

����� continue

���� Graphics

In Reduce
For comparison with other CAS choose from� Axiom �see chapter 
���� Derive �see chapter 
���� Macsyma �see

chapter 
����� Maple �see chapter 
�
�� Mathematica �see chapter 
����

�D Graphics

In Reduce
For comparison with other CAS choose from� Axiom �see chapter 
���� Derive �see chapter 
���� Macsyma �see

chapter 
����� Maple �see chapter 
�
�� Mathematica �see chapter 
����

� function of one parameter

on demo�rounded�numval�

plot�sin�e�x��x���  pi�� xlabel�"Time"� ylabel�"Signal"��

� graph of several functions �Bessel functions J�n� x�� n � 	� �� ��

load package specfn�

plot�besselj���x��besselj���x��besselj���x��x���  ���� title�"Bessel Functions BesselJ�n�x�"� yla�
bel�"Value"��

�D Graphics

In Reduce
For comparison with other CAS choose from� Axiom �see chapter 
���� Derive �see chapter 
���� Macsyma �see

chapter 
����� Maple �see chapter 
�
�� Mathematica �see chapter 
����

� graph of a function with � parameters

plot xmesh��plot ymesh�����

plot�sin�pi�sin x�y��x����  ���y����  ���hidden�d�view�"�����"��

� graph of another function with � parameters

plot xmesh��plot ymesh�����

plot�tan�x�y�� x�����pi��  ��pi���� y�����pi��  ��pi���� z����  ��� hidden�d�view�"�����"��

Parametric plots

In Reduce
For comparison with other CAS choose from� Axiom �see chapter 
���� Derive �see chapter 
���� Macsyma �see

chapter 
����� Maple �see chapter 
�
�� Mathematica �see chapter 
����

� surface de�ned parametrically

dd��pi����

w��for u��� step dd until ��pi collect for v���pi�� step dd until pi�� collect sin v� sin���v��sin
u� sin���v��cos u%

plot w�



Contour maps

In Reduce
For comparison with other CAS choose from� Axiom �see chapter ��� Derive �see chapter ��� Macsyma �see

chapter 
����� Maple �see chapter 
�
�� Mathematica �see chapter 
����

� contour map of a function with � parameters

plot xmesh��plot ymesh�����

plot�sin�x�cos y�� x���  ��pi���� y���  ��pi���� contour�nosurface�view�"���"��

� contour map of another function with � parameters

plot xmesh��plot ymesh�����

plot�tan�x�y�� x���pi  pi�� y���pi  pi�� z����  ��� contour�nosurface�view�"���"��

� contour map of yet another function with � parameters

plot xmesh��plot ymesh�����

plot�e���sqrt�x���y�����cos�atan�x�y��� x����  ��� y����  ��� contour�nosurface�view�"���"��

����	 Graphical presentation of formulas

In Reduce
For comparison with other CAS choose from� Axiom �see chapter ��� Derive �see chapter ��� Macsyma �see

chapter 
����� Maple �see chapter 
�
��� Mathematica �see chapter 
�����



Chapter �

Applications of computer algebra

��� Classical application areas

� celestial mechanics

� calculation of orbits� gravitational �elds

� Fourier� Poisson series

X
i

�
�Pi sin

�
�X

j

	ij%j

�
A�Qicos

�
�X

j

�ij%j

�
A
�
�

� Delaunay&s ����� calculation of the orbit of the Moon took him �	 years �including physical e�ects like
non�symmentry of the earth and in�uence of the Sun�� recalculation on a small computer ����	� took
�	 hours of CPU time� the check found only a few mistakes in his hand calculations in some of the high
order terms

� systems TRIGMAN ���	�� CAMAL �����

� general theory of relativity

� calculations with various metrics

� systems CAMAL ������ SHEEP ����� general purpose systems

� quantum electro�dynamics

� high energy physics

� interaction of particles� Dirac matrices� Feynman diagrams� calculation of integrals

� systems REDUCE ������� SCHOONSHIP �����

��� Other application areas

� physics

� plasma physics� physics of �uids

� electron optics� non�linear optics

� molecular physics

� electronics

� mechanics

� mathematics

�
�



� number theory

� group theory

� computational geometry

� numerical analysis

� chemistry

� biology

� robotics

� economy

��� Case study �� � Perturbation methods

����� Celestial mechanics � nonlinear algebraic equations

� from J�P� Fitch� International Conference on Computer Algebra and its Applications in Theoretical Physics�
p� ������� Dubna� �������

� solution of a series in a small parameter

y� � �� 


� zeroth order solution y� � ��� n�th order solution yn

y � yn � � �O�
n���

� � 
n���

�yn � � �O�
n����� � �� 


y�n � �� � ��yn �O�
n��� � �� 


y�n � ��y� �O�
n��� � �� 


� �
�

�
��� 
� y�n� �O�
n���

� resulting iteration scheme

y� � �

yn�� � yn �
�

�
��� 
� y�n�

� another example� the Kepler equation

E � u� 
 sin E

� zeroth order solution E� � u� n�th order solution En

E � En � � �O�
n���

En � � � u� 
 sin�En � �� �O�
n���

En � � � u� 
�sin En cos � � cos En sin �� �O�
n���

En � � � u� 
 sin En �O�
n���

En � u�An



An�� � 
 sin�u�An�

An�� � 
�sin u cos An � cos u sin An�

A� � 	

An�� � 
 sin u

�
�� A�

n

��
�
A�
n


�
� � � �

�
n

�
 cos u

�
An � A�

n

��
�
A�
n

��
� � � �

�
n

� �nal solution in the form of Fourier series

An �

nX
j��

Pj�
� sin�ju�

� Fourier series are used by specialized computer algebra systems such as CAMAL and TRIGMAN

����� Mechanics � nonlinear ordinary di�erential equations

� from D�M� Klimov� V�M� Rudenko� Computer Algebra Methods in Mechanics� Nauka� �������

� nonlinear periodic movement� nonlinear ordinary di�erential equation

U �� � ��U � 
f�U �� U� 
�

� new time variable � � t�  is an unknown frequency

�U �� � ��U � 
f�U �� U� 
�

� Poincare perturbation method�expansion into a power series

U �

�X
i��

Ui���

i

 �

�X
i��

i

i

� example� the van der Pol equation

U �� � U � 
 U ���� U�� � 	

�U �� � U � 
U ���� U�� � 	

� after substituting power series in


� � ��U
��
� � U� � 	


� � ��U
��
� � U� � ����U ��� � �U

�
���� U�

� �


� � ��U
��
� � U� � ����� � ���U

��
� � ���U

��
�

��U
�
���� U�

� �� ��U
�
�U�U� � �U

�
���� U�

� �

���



� initial condition

� zeroth order solution

� �rst order solution

U ��� � U� � ��A� cos � �A� sin ����A�
� cos ��

� after Fourier expansion

U ��� � U� � ��A� cos � �A� sin �

�
A�
�



� �

�

�
A�
�



sin����

� no secular terms in the solution require zero coe�cients of sinand coson the right hand side

��A� � 	 � A�

�
A�
�



� �

�
� 	

� solution

U� � � cos �� � � �

U� � A� cos � �B� sin � � �



sin���� � � � 	

� using the initial condition

� second order equation

U ��� � U� � �A� sin � � �
� �
�



� cos � � �

�
cos����

��A� sin���� �
�



cos����

� � � �

��
� A� � 	

� �rst order solution

U� �
�



sin � � �



sin���� � � � 	

� second order solution

U� � A� cos � �B� sin � �
�

��
cos����� �

��
cos����

� etc� for higher orders



����� Quantum mechanics � eigenvalue problem

� from T�C� Scott� R�A� Moore� M�B� Monagan� G�J� Fee� E�R� Vrscay� J� of Comp� Phys�� Vol� �� No� ��
p��������� ����	��

� Rayleigh�Schrodinger perturbation theory

� Hamiltonian� solvable part H�and perturbative part H�

H � H� � �H�

� eigenvalues �energies� and eigenfunctions are expanded into power series in �

E �

�X
p��

�pEp

% �
�X
p��

�p%p

� eigenvalue problem

H% � E%

� hierarchy of equations

�� � H�%
� � E�%

�

�� � H�%
� �H�%

� � E�%
� �E�%

�

�� � H�%
� �H�%

� � E�%
� �E�%

� �E�%
�

���

�j � H�%
j �H�%

j�� �
jX

i��

Ei%
j�i

� normalizations

� %j% �� �

�� � � %�j%� �� �

�� � � %�j%� � � � %�j%� �� 	

���

�j �

jX
i��

� %ij%j�i �� �

� separable problems� second order ordinary di�erential equations �ODEs�� inhomogenous ODE�
d�

d t�
� P �t�

d

d t
�Q�t�

�
y�t� � f�t�

� one solution y��t�of the homogeneous equation and another linearly independent solution y��t�in which the
degree decreases

y��t� � y��t�

Z
W �t�

y��
d t

W �t� � W �y�� y�� � exp

�
�
Z
P �t�d t

�



� particular solution of the inhomogenous equation� variation of parameters

yp � u�t�y��t� � v�t�y��t�

u�t� � �
Z

y��t�f�t�

W
d t � v�t� �

Z
y��t�f�t�

W
d t

� the general solution of the inhomogenous equation is

y � up � C�y� � C�y�

� one particle Dirac equation

�c�	 � �p� �m�c
� � IV �% � E%

� Hamiltonian

H � H� � �H�

H� � c�	 � �p� �m�c
� �

�

�
�I � ��V

H� �
�

�	�
�I � ��V � � � 	�

� for hydrogen�like atoms

E� � m�c
� � Z�RH

n�

�
� �

Z�	�


n�

���

� two particle Dirac equation

� necessary algebraic operations

� inde�nite integrals

� de�nite integrals

� pattern matching� zero recognition

� manipulation and simpli�cation of large sums

��� Case study �� � General theory of relativity

����� Basic notions

� Riemann geometry� metric tensor gij � covariant components gij

d s� �
X
i�j

gijd x
id xj

� contravariant components gijof metric tensor X
i

gijg
ik � �jk

� Christo�el symbols of the �rst kind

"ikl �
�

�

�
� gik
� xl

�
� gil
� xk

� � gil
� xk

�



� Christo�el symbols of the second kind

"ikl �
X
j

gij"jkl

� Riemann curvature tensor

Ri
jkl �

� "ijl
� xk

� � "ijk
� xl

�
X
m

"imk"
m
jl �

X
m

"iml"
m
jk

� Ricci tensor

Rij �
X
k

Rk
jki

� for a general metric in 
D� there are � ��	 diagonal and �� ��	 o��diagonal terms

� Ricci scalar

R �
X
i�j

gijRij

� Einstein vacuum equations

Rij � 'gij

� system of second order nonlinear partial di�erential equations with cosmological constant '

����� Examples

� diagonal metrics� e�g�� spherically symmetric metrics

d s� � � exp�p�r��d r� � r�d(�

�r� sin�( d(� � exp�q�r��d t�

� non�diagonal metrics� e�g�� Bondi metrics

d s� �
V exp����

r
� U�r� exp����d u�

�� exp����d u d r � �Ur� exp����d u d(

�r��exp����d(� � exp����� sin�( d%�

� veri�cation of metric tensor solution g� B� Nielsen and H� Pedersen� SIGSAM Bull��Vol� ��� �� Issue ���
p�����������

� coordinate system �u�� u�� u�� u��

d s� �
u��


�	��� � 	����� � ����� � ���d u��

�� � cos u� d u� � sin u� sinh u� d u�

�� � � sin u� d u� � cos u� sinh u� d u�

�� � d u� � cosh u� d u�

	 �

s
a�

u��
� �

s
b�

u��
� �

� �

q
a


u




� �q
b


u




� �



� solution of Einstein vacuum equation with

Rij � 	

����� Other problems and references

� �nding a solution

� calculation of properties of any solutions discovered �symmetry�

� problem of equivalence� classi�cation of geometries

� equations including mass �energy� momentum�

� references

� M�A�H� MacCallum� EUROCAL&�� p��
�
�� Springer�Verlag��������

� M�A�H� MacCallum� Computer Algebra in Physical Research� p� ������ World Scienti�c� �������

��� Case study �� � Collision integrals in plasma physics

� collision integrals in plasma �uid equations

����� Basic notions

� Fokker�Planck equation for distribution function fs

� fs
� t

� vi
� fs
� xi

�
Fsi
ms

� fs
� vi

�

�
� fs
� t

�
s

� Coulomb collisions with a small angle

�
� fs
� t

�
s

� ���aifs�

� vi
�

�

�

���bijfs�

� vi � vj

� Rosenbluth potentials

ai��v� �
X
t

Cst

Z
ft��u�gi
g�

d�u

bij��v� �
X
t

Dst

Z
ft��u���ijg

� � gigj�

g�
d�u

�g � �u� �v � g � j�gj

� macroscopic quantities� density Ns� velocity �us� pressure ps� viscous pressure
�
Ps� heat �ow �qs

qsi �
�

�
ms

Z
c�scsifs d

�v

�cs � �v � �us � c�s � �c�s



� collision terms

Rs�i � ms

Z
fsai d

�v

Rs� � ms

Z
fs�csiai � ���bii�d

�v

Rs�ij � ms

Z
fs�csiaj � csjai � ����ijcsiai

�bij � ����ijbkk�d
�v

Rs�i � ���ms

Z
fs�c

�
sai � �csicskak

�csibkk � �cskbik�d
�v

� common form of all collision terms

Rsn �
X
t

Z Z
fs��v�ft��u�

Pstn��v� �u�

j�v � �uj� d�v d�u

� ���th moment approximation of the distribution function

fs��x��v� t� � fs���x��v� t��� � %s��x��v� t��

fs� �
Ns

����a�s
exp

�
� c�s
a�s

�

a�s �
�kTs
ms

%s �
Psijcsicsj
psa�s

�

qsicsi�c

�
s � ���a�s�

�psa�s
fsft � fs�ft��� � %s �%t �%s%t�

����� Analytical calculation of collision integrals

� from A� Salat� Plasma Physics� Vol� �� p� �����	� ������

� common form of the integrals

Z Z
exp

�
� ��v � �us�

�

a�s
� ��u� �ut�

�

a�t

�
P ��v� �u�

j�v � �uj� d
�vd�u

� transformation of variables� new form
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� sum of ��� terms up to the ��th degree in v� one term of the ��th degree in vgives after substitutions �� ���
terms� in one part of one collision integral is ��� ��
 terms �one term is a product appearing in a sum�
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� integration over d�g� rotation and transformation into spherical coordinates g� �� ��z � cos ��
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� �nal result contains only elementary functions and the error function

� algebraic program in REDUCE was unable to calculate all the collision integrals and so had to be rewritten
into a more e�cient symbolic program

� speed up of the symbolic program compared to the algebraic program depends on the size of a collision integral

Size small medium large
Speed up �x x �

��	 Case study �� � Numerical solving of partial di�erential equations
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� K�O� Geddes� S�R� Czapor and G� Labahn� Algorithms For Computer Algebra� Kluwer Academic Publishers�
Boston� ����� the best reference book on computer algebra algorithms
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� library contributions� Michael Monagan
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Number � September ����� 		*�	�

Sto�� David R� Stoutemyer� !Crimes and Misdemeanors in the Computer Algebra Trade � Notices of the American
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Wes�� Michael Wester� !A Review of CAS Mathematical Capabilities � Applied Mechanics in the Americas� Vol�
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	�	 Computer Algebra Conferences
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ACA&�� July �*�	� ���� RISC�Linz� Hagenberg� Austria
ACA&� July �
���� ��� Maui� Hawaii� USA
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scientists� engineers and educators�
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Axiom
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International AXIOM Meeting ����� Karlsruhe� Germany



Derive

�Thanks to Bernhard Kutzler��
Derive User Group �DUG� Meetings

�st UK April �
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�nd UK September �	� ���� Birmingham� UK
�st German April �
� ���� Schweinbach� Germany
�nd German April �
� ���� Nuernberg� Germany
�st US November �	� ���
 Orlando� Florida� USA
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�st International DERIVE Symposium April ��*�	� ���� Krems� Austria
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�rd International DERIVE Symposium July �	*August �� ���� Honolulu� Hawaii� USA
�st International DERIVE Conference July ��*��� ���
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Macsyma
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MACSYMA Users� Conferences �MUCs�
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MUC II June �	*��� ��� Washington� D�C�� USA
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Maple

�Thanks to Michael Monagan��
The Maple retreats were held from ���� to ���
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attended by Maple developers� local Maple usrs� and typically 
 invited guests� some of whom gave a presentation�
The original purpose of the meetings was to have a small group get together for brain storming sessions which would
be uninterrupted over the course of � days� Later� as the meetings became larger� and more popular� and people
from the Maple company also took part� the Maple retreats became more like a scienti�c workshop meething with
prepared presentations from many speakers� and large group discussions� These were useful for �nding out what
people were doing and what needed to be done� but they did not provide a good atmosphere where people would
work on the design of Maple� The Maple retreat meetings were stopped in ���
� Since then a smaller group of
typically � to �	 people have met for � day and � day meetings to focus on design issues�

Mathematica

�Thanks to Michael Trott��
Mathematica Conferences

�st January ��*��� ���	 Redwood City� California� USA
�nd January ��*��� ���� San Francisco� California� USA
�rd May �*��� ���� Boston� Massachusetts� USA

th September �*
� ���� Rotterdam� Netherlands
�th April ��*��� ���
 Champaign� Illinois� USA
�st Australian July �*�	� ���� University of Tasmania� Hobart� Australia

Mathematica Developer Conferences
�st May �*�� ���� Champaign� Illinois� USA
�nd October �*�� ���� Champaign� Illinois� USA
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Axiom Release ��	 Companion Guide� The Numerical Algorithms Group Limited� Oxford� March �����

S�M� Watt� P�A� Broadbery� S�S� Dooley� P� Iglio� S�C� Morrison� J�M� Steinbach� R�S� Sutor� IBM Thomas J�
Watson Research Center� AXIOM Library Compiler� User Guide� The Numerical Algorithms Group Limited�
Oxford� November ���
�

� Derive

User Manual� DERIVE� A Mathematical Assistant for Your Personal Computer� Version �� Soft Warehouse�
Inc�� Honululu� ���	�

Albert Rich� Joan Rich� Theresa Shelby and David Stoutemyer� User Manual DERIVE Version �� A Mathe�
matical Assistant for Your Personal Computer� Soft Warehouse� Inc�� September ���
�

� Macsyma

Macsyma Mathematics and System Reference Manual� ��th edition� Macsyma Inc�� ����

Macsyma User&s Guide� A Tutorial Introduction� Second Edition� Macsyma Inc�� �����

� Maple

� new manuals

K� M� Heal� M� L� Hansen and K� M� Rickard� Maple V Learning Guide� Springer�Verlag� �����

M� B� Monagan� K� O� Geddes� K� M� Heal� G� Labahn and S� M� Vorkoetter� Maple V Programming
Guide� Springer�Verlag� �����

Darren Redfern� The Maple Handbook� Maple V Release 
� Springer�Verlag� �����

� older manuals

B�W� Char� K�O� Geddes� G�H� Gonnet� B�L� Leong� M�B� Monagan� and S�M� Watt� First Leaves� A
Tutorial Introduction to Maple V� Springer�Verlag� New York� �����

B�W� Char� K�O� Geddes� G�H� Gonnet� B�L� Leong� M�B� Monagan� and S�M� Watt� Maple V Library
Reference Manual� Springer�Verlag� New York� �����

B�W� Char� K�O� Geddes� G�H� Gonnet� B�L� Leong� M�B� Monagan� and S�M� Watt� Maple V Language
Reference Manual� Springer�Verlag� New York� �����

� Mathematica

S� Wolfram� Mathematica� A system for Doing Mathematics by Computer� Addison�Wesley� Redwood City�
CA� �����

S� Wolfram� The Mathematica Book� Third Edition� Mathematica Verison �� Wolfram Media#Cambridge
University Press� �����

� REDUCE

A�C� Hearn and J�P� Fitch �ed��� REDUCE User&s Manual ���� RAND Publication CP� �Rev� #���� Rand�
Santa Monica� CA� �����

� for other computer algebra systems and packages� including also public systems� consult the overview at CAIN
Netherlands or the collection of symbolic software at the University of Berkeley
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� Maple� Waterloo Maple Software� 
�	 Phillip Street� Waterloo� Ontario� N�L �J�� Canada� e�mail�info�maplesoft�on�ca
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 ��
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� REDUCE� REDUCE secretary� RAND� �		 Main Street� P�O� Box ����� Santa Monica� CA �	
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